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Chapter 1

Numerical methods for

initial-value problems

The basic idea behind solving an initial-value problem (IVP) such as

Y =f(r,y)  y(xe) =wo (1.1)

numerically is to discretize the interval into nodes, usually equispaced; to replace
the ordinary differential equation (ODE) with a difference equation; and to solve
this difference equation at each node. Naturally, we require that the difference
equation is a good approximation to the ODE. The quality of a such a numer-
ical method is determined by approximation error, stability and computational
efficiency, with accuracy and stability always taking precedence over efficiency.
One of the most widely-used methods is the Runge-Kutta method, which is the

subject of these notes.



Chapter 2

The Taylor method

Consider the Taylor method of order z for solving an IVP:

Yo = &
h hz—l

Yy (ir1) =y (i) +h |y (2,9 (2:) + §y” (zi,y (v:)) + ... + 2 y& (2, y (2;))

Here, 1 is the initial value of y(z), the interval of integration has been discretized
with the nodes denoted by z;, and the node separation is h. The quantity in the
square brackets is simply a truncated Taylor series, the residual term of which
is O(h**1), which is the local error of the method.

Note that

y =f

df

!

L Lo+ 1y

Furthermore, 3 will require evaluation of f,, f,, and f,, and, in general, higher
derivatives of y will require evaluation of higher partial derivatives of f. This
implies considerable computational complexity, particularly for high-order im-

plementations of Taylor’s method.



Chapter 3
Runge-Kutta methods

Runge-Kutta (RK) methods were developed in the late 1800s and early 1900s by
Runge, Heun and Kutta. They came into their own in the 1960s after significant
work by Butcher, and since then have grown into probably the most widely-used
numerical methods for solving IVPs. In this section, we will provide a general

definition of RK methods, and give a few examples of types of RK methods.

3.1 General definition

The most general definition of a Runge-Kutta method is

kp:f<xi+cph7wi+hzaquq) p:1,2,...,m

m = (3.1)
Wiy1 = w; +h Y byky

p=1

Such a method is said to have m stages (the k’s). We note that if a,, = 0 for all
p < ¢, then the method is said to be explicit; otherwise, it is known as an implicit
RK method. The number of stages is related to the order of the method. The
symbol w is used here and throughout to indicate the approximate numerical
solution, whereas the symbol y will denote the true solution.

As an example, consider the case with m = 2 :

kl = f (.fz + Clh, Ww; + hallkl + ha12k2)
k?g = f (flfl + Cgh, w; + ha21k1 + ha22k2)
Wiy = W; + h (bll{?l + kaZg) .
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If a11 = a2 = age = 0, we have

/{71 = f (LUZ + clh,wi)
ko = f (x; + coh, w; + hagi k)
Wiy1 = W; + h (blk’l + bzk‘g) .

which is an explicit method. Very often in explicit methods we also have ¢; = 0,
so that k1 = f (z;, w;) .

The difference between the two methods is clear: in the explicit method, we
can evaluate the stages sequentially, whereas for the implicit method the stages
are determined by solving a nonlinear system. Explicit methods are particularly
easy to implement computationally, whereas implicit methods possess desirable
stability properties that are absent in explicit methods.

It is clear that RK methods involve only evaluations of f (z,y), and not of

partial derivatives of f.

3.2 Order of Runge-Kutta methods

We say that an RK method is of order z if its global error is O (h*). An RK
method of order z has a local error of order z + 1. The concepts of local and
global error will be defined later in the section on error propagation in RK
methods. There is a relationship between the number of stages in a method and
its order; for current purposes it is sufficient to present the so-called Butcher

barriers regarding the order of explicit RK methods:

Stages 2 3 4 <m<718<m<9| 10<m

Best global error | O(h?) | O(h?) | O(R*) | O(h™) | O(R™2) | O(h™3)

Furthermore, it is known that for any positive integer z, an explicit RK

method exists with order z and m stages, where

2_
327102424 1802+24, z even
m =

2_
3z 84z—|—97 = Odd

Do not misunderstand the information presented here - the table shows the best

order that can be attained for a given number of stages, whereas the formula
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gives the number of stages in a method of given order. Additionally, the number
of stages given by the formula is not optimal; there may exist a method of the
given order with fewer stages, but certainly a method of order z and m stages
(as given by the formula) is guaranteed to exist. For example, the table suggests
that a method of order six must have at least seven stages (although an order six
method with exactly seven stages may not actually exist), whereas the formula
guarantees the existence of a method of order six with exactly nine stages. In
fact, there does exist an order six method with eight stages. As regards implicit
methods, we often find that the order is higher than the number of stages.
More detail regarding order will be given in the later section on the order

conditions.

3.3 Butcher tableaux

Any RK method can be represented in a tabular format, known as a Butcher

tableau. The general method has the tableau

&1 a1 a12 A1m

C2 a21 22

(3.2)

Cm | Am1 QAm2 Am,m

by by - b,

The left column contains the ¢’s for each stage, the right part contains the

a’s for each stage, and the b’s are shown in the last line. Note that sometimes
when indicating an explicit method that has ¢; = 0, the stage k; is not explicitly
shown in the tableau, since it always has the Euler form. Some well-known RK

methods are shown in the following tableaux:

1]1
11 (3.3)
2 2
11
2 2
3 3
110 1

O
©olw
Ok




3. Runge-Kutta methods

The first of these is a two-stage method (2nd order), and the second a three-stage

method (3rd order). Both are explicit with ¢; = 0. An example of an implicit

method is the Kuntzmann-Butcher method

1_ i5 5 8 V5 5 _ i5
2 10 36 36 15 36 30
1 5 4 VI5 8 5 _ /i5
2 36 24 36 36 24
1, Vi5 | 5 | Vi5 8 | Ji5 5
2 + 10 36 + 30 36 + 15 36
5 8 5
18 18 18

which has three stages.

3.4 Embedded methods

An interesting class of RK methods are the embedded methods. One of the most
famous is the Runge-Kutta-Fehlberg method, with tableau

1 1

1 1

3| 3 9

8 32 32

12 | 1932 7200 7296

13 | 2197 2197 2197

1] 439 _8 3680 845
216 513 4104

1| _ 8 9 3544 1859 11

2 27 2565 4104 40
25 0 1408 2007 1
216 2565 4104 5
16 0 6656 28561 9 2
135 12825 56430 50 55

The first row of b’s is a fourth-order method, while the second row of b’s is a fifth-

order method. In other words, a fifth-order method is embedded in the stages

that are used to give the fourth-order method. This simply means that two

solutions can be computed without the need to evaluate any additional stages,

which has positive implications regarding computational efficiency. We will see

later that certain error control algorithms require the evaluation of two methods

of different order, and so embedded methods are potentially very useful.

Although the RKF45 method above is explicit, embedded methods can also

be implicit.
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3.5 Reflected methods

A reflected RK method allows w; to be determined, given (z;41,w;y1). In other
words, a reflected method integrates in the negative z-direction - ‘backwards’,

so to speak.
Given any RK method (3.2), the associated reflected method has the tableau

m
Cl_zbi aj; — by a1z — bo A1 — b,
=1

m
CZ_Zbi as — by ags — bo
i=1

(3.5)
Cm — Z bz Am,1 — bl Am2 — b2 e Qm,m — bm
i=1
—b, —by .. —b,,
For such a method we have
wi = wipr+h Y (=b)k
p=1
= w1 —h Y bk
p=1
This can be rearranged to give
Wip1 = w; +h Z bk,
p=1
which has the tableau
—C1 + Z bz —ail + bl —a12 + bg cee —A1m + bm
i=1
—Cy + Z bz —a91 + b1 —Q99 + bg
i=1
(3.6)
—Cm + Z bz —Qm,1 + bl —Qm2 + b2 e —Am,m + bm
i=1
by by .. b

which is just the reflected method with all signs reversed. Clearly, this method

is, in general, not the same as the original method (3.2). To regain the original
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method, we must apply the reflection algorithm (3.5) to the reflected method
itself. The method (3.6) is the positive z-direction version of (3.5).
As an example, consider the method (3.3), which we present here with all

coefficients present:

010 O
111 O
1 1
2 2
The reflected form is
-1 =1 _1
2 2
1 1
0 2 —3
1 _1
2 2
and the ‘forward’ form is
11
1 2 2
101
0] —3 3
1
2 2

This is an implicit method; the question of whether or not it is a second-order

method will be discussed in a later section.



Chapter 4

Construction of Runge-Kutta

methods using Taylor series

Constructing an RK method requires determining the coefficients {a, b, c} in
(3.2). This is done by expanding the RK solution in a Taylor series, and then
demanding equivalence with the Taylor method up to some prescribed order.
Equating coefficients of the various terms in the two series yields a set of nonlinear
equations - known as the order conditions - that must be solved to yield the

coeflicients.

4.1 The explicit second-order method

We illustrate the process by means of the explicit second-order method, with
Wo = Yo,
ki = hf(zo,Y0)
ke = hf(xo + c2h, yo + a21k1) (4.1)
w1 = Yo + biky + baky
We note that the term k; represents the Euler approximation. The term byksy
may thus be regarded as an attempt to improve this approximation. The four

unknowns by, by, ¢y and as; are obtained by requiring that (4.1) agrees with a
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Taylor expansion of second order:

wy ~ y(w1) = y(wo + h)
! 1 1
= y(xo) + hy (x) + Ehzy (xo) + ...

= y(w0) + hf(0,30) + 51 e+ ol gy (12)

where we have used

y_df(xy) Of Ofdy _
Y= %+8__ Joe + fyf-

Equation (4.1) is also expanded to second order:
=yo + bihf(wo,yo) + bah f(x0 + cah, yo + agiky)
=yo + bihf(z0,y0) + bah [f (0, Yo + axik:) + c2h fo(zo, Yo + aziki) + .. ]
=yo + bihf (0, Yo)
(%o, %o)

+ bah [{ f (o, yo) + ag1k1 fy(z0,y0) + ...} + coh { fo(x0,0) + . . . }]
=yo + (b1 + 02) Wf (o, yo) + 1 [azba fy f + cabafel oy + -+ (4.3)

Equating (4.2) and (4.3), term for term, yields the order conditions

bl + b2 =1 Cgbg = % a2162 = %

The last two of these order conditions give
Co = Q9.
Hence, there are effectively only two order conditions
by +b2=1 C2b2=%
and the RK method has the tableau

C2 ‘ C

1 1

T 20 2
which represents a one-parameter family of methods. Choosing c¢; = 1 yields
(3.3). Of course, any value of ¢, is allowed, but we generally choose the values

of any free parameters so that the b’s are all positive.
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4.2 The reflected second-order method

The forward version of the reflected second-order method studied earlier can be

written as

ki=f (5Ui+17wi+1)

ky = f ($i+1 — h,wit1 — hkl)

h
Wiy1 = W; + 5 (lﬁ + kg)

as shown in the Supplementary Notes.

Using the expression for w;,;, we have

B ki ks
k2—f<xz>wz+h(_2+2 )

which gives the implicit tableau

1 1
1 2 2
1 1
0 2 2
11
2 2

4.3 The classical explicit fourth-order method

The classical explicit fourth-order method has the tableau

Cy | Co
C3 0 C3 ( 4 4)

Cy 0 0 Cy

by by bs by

Note the very specific structure of the tableau. The derivation of the order con-
ditions, using Taylor series equivalence, is shown in the Supplementary Notes.
It is clear that the derivation is complicated, and one appreciates that for a
general RK method, deriving the order conditions through Taylor series equiva-
lence, particularly for high order methods, is destined to be both complex and

cumbersome.



Chapter 5

Construction of Runge-Kutta

methods using rooted trees

Determining the order conditions by direct comparison of Taylor series is destined
to be an arduous task, particularly for methods of high order. One expects,
however, that the clearly defined structure of the RK methods should result in
a similarly structured Taylor expansion, so that some underlying pattern should
exist. This pattern has been identified, and has led to the use of rooted trees
as a means of determining the order conditions, without explicitly forming the

relevant Taylor series.

5.1 Rooted trees for Runge-Kutta methods

A rooted tree of order z is a graph with z vertices connected in a certain way.
In such a graph, the lines joining pairs of vertices are known as edges. To draw

such a rooted tree for an RK method, we follow a simple set of rules:

1. One vertex is placed at the lowest point in the graph. This vertex is known

as the root.
2. The remaining z — 1 vertices are drawn above the root.

3. These vertices are connected to each other and to the root by means of
edges, such that no edges cross, only one edge joins any pair of vertices,
there are no loops (closed portions) in the graph, and all edges are drawn

in a ‘generally upward’ direction (not horizontal or downwards).

12
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4. The resulting graph is fully connected (any vertex can be reached from any

other vertex by tracing a path along the edges).

5. All possible combinations of such fully connected graphs must be drawn.
The higher the value of z, the more such graphs exist. All possible rooted
trees up to order four are shown in the figure below. The ‘generally upward’

character of these graphs is evident.

VN

Order

1 3 6 7

I : % Root
4 4 4 4 Order
4 8 12 24 Y

6. The next task is to label the vertices. Label the root 7. Then label all

other vertices {j, k,[,...} . Each vertex must have a unique label.

7. Now label each edge a,,, where p and ¢ are the labels of the vertices at

each end of the edge, with p being the vertex closest to the root. Note that
p7q e {Ii7j7k7l7"'}'

8. Form the product
P,

bi H Qpgq-

all edges

9. Now identify those vertices, other than the root, that only have one edge
attached. These vertices are called leaves. If a leaf is at the end of the edge

apq, TEPlace ap, in the above product with ¢, to form

b, =, H Qpq H Cp-

all ‘internal’ all leaves
edges

These products will form one side of the order conditions.
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10. We now assign an integer to each vertex. Count the number of vertices
that can be reached from a particular vertex v, by tracing upwards from v.
The integer assigned, n,, is this number plus one. The ‘generally upward’
depiction of the trees is vitally important for this step. Obviously, the
integer assigned to the root vertex will be z.

11. Determine

o= I

vertices

12. The order conditions are now given by

Y oo, = = (5.1)
{igkl..} v
1
Yo oo.=- (5.2)
gk, } v
where each element of {7, j, k, [, ...} has the values {1,2,...,m}, where m

is the number of stages in the method. Note that each graph will yield two

order conditions.

5.2 The explicit second-order method

For this method we must find the order conditions for rooted trees of order one

and two only. Hence,

with ¢ = {1,2}, j = {1,2}. These give
bl + bQ =1
by (a11 + a12) + b (a1 + age) =

blCl + bQCQ =

N = Do -
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However, form the structure imposed on the method, we have a1 = a2 = ags =

c¢1 = 0, and so

b1 + bg =1
1

baag = 5
1

bQCQ = 5

exactly as obtained by equivalence of Taylor series.

5.3 The explicit third-order method

The explicit third-order method

has the order conditions

withi ={1,2,3}, j ={1,2,3}, k ={1,2,3}. These arise from the rooted trees
of orders one, two and three.
The explicit third-order method has a11 = a2 = a13 = ass = as3 = azz =

c1 = 0, and so

by +by+b3=1

b262 + 6303 =

Wl RN -

bgcg + bgCg =
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1

boas + bs (az1 + ass) = 5

1

boasgiagr + bs(asiazs + asiass + azeas; + CL32G32)1 = 3
(a31+aszz)?

1

bzazacy = 6

1

bzazaaz = 6

From the last two of these conditions, we have
Co = Uoq.
From the second and the fourth equations, we have
C3 = 31 + a32

and so the third and fifth equations are consistent.

All this gives the order conditions for the explicit third-order method as

1
b +by+03=1 5202+5303:§
1
bQC% + bgc§ = -
3
1
bzazaco = 6
Co = Q21

C3 = G371 + A32.

Note that the ¢’s are the sums of the a’s on the corresponding rows of the tableau.

This is, in fact, a general result and is summarized by

m

cp:Zapq p=12,...,m. (5.3)
q=1

These relationships are entirely consistent with the order conditions derived from
the rooted trees. Usually, we give the order conditions as (5.2) and (5.3). We
usually omit (5.1) because they are implied by (5.2) and (5.3). The conditions
(5.3) also hold for implicit methods.
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5.4 The explicit fourth-order method

The explicit fourth-order method

Co | Q21
C3 | a3z1 A32

Cq | Qq1 Qg2 QA43

b by by b

has the order conditions (from the rooted trees of orders one to four)

b +by+b3+by=1 b3azaCa + baaaaco + baauscs = &

bacy + bzcs + bycy = % b3azaCaCy + byagococy + byagzcscy = %
boc3 + b3c§ + byt = % b3a32C3 + byagaca + b4a43c§ = 1—12
bac3 + bzch + byc = % baG32045Co = i
together with, from (5.3),
4
Y ay=c¢, p=27314 (5.4)
q=1
which gives
Co = Q21

C3 = Q31 + a3
C4 = Qq1 + Q42 + Q43.
The order conditions for the explicit fourth-order method are given in detail in
the Supplementary Notes.
It is a simple matter to determine the order conditions for the classic fourth-

order method, using the conditions above. Moreover, we see from (4.4) that the

structure of the method reflects the conditions (5.4).

5.5 The reflected second-order method

‘We now consider the order of the method

Ll 5 3
0] -3 3 (5.5)

N
N[
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which is the ‘forward’ form of the reflection of the explicit second-order method.

The first- and second-order conditions for the implicit method

C1 | a1 Q12

Ca | Q21 Q22

b b
are
by +by=1
1
blcl + bgCg = 5

c1 = a1 + anpe

Co = Q91 + G2

and clearly the coefficients in (5.5) satisfy these conditions. Hence, (5.5) is at

least second order. The relevant third-order conditions are
blc% + bgC% =

biaiicy + biajace + baasicy + baagacy =

| = W =

but these are not satisfied by the coefficients in (5.5). Hence, (5.5) is a second-
order implicit method. We have presented this example because it should not be
assumed that an implicit method with m stages is automatically an mth-order
method. Some implicit methods have order greater than their number of stages,

although that is not the case in this particular example.



Chapter 6

Consistency, convergence and
stability

Consistency refers to the ability of the method to faithfully reproduce the original
differential equation, in the limit h — 0. Convergence refers to the fact that the
numerical solution tends to the exact solution, as h — 0. A stable method is one
for which the numerical solution does not diverge ‘dramatically’ from the exact

solution under iteration.

6.1 Consistency

We demonstrate consistency for the general RK method (3.1), which we repro-

duce here for convenience.
/{:p:f(xi—i-cph,wﬁ—hz%qkq) p=12...m
q=1
Wiy1 = W; + h Z bpk’p
p=1
Manipulating the last line of this definition gives

% = by (6.1)
p=1
Taking the limit h — 0 gives
lim k, = f (21, )
i Lt Wiy Yl — Y + O (h7)

h—0 h, h—0 h =Y (xZ)

19
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where we have assumed that a global error of O (h*) exists in w; and w;, . Hence,

from (6.1) we have
Y () = bpf (i) = f(@i0) Y by = f (i, )
p=1 p=1

and so the original differential equation is obtained.

6.2 Convergence

An RK method of order z has a global error O (h*). Obviously, this error must
tend to zero as h — 0, implying convergence. It is worth noting that all RK
methods have a global error O (h*) for z at least equal to one, and so all RK
methods are convergent. We will study the global error in more detail in a later

section.

6.3 Stability

Say the method has an error of the form
A= (6.2)

where i indicates the iteration count, and p (h) is a polynomial in h. The presence

of such a term indicates potential instability. If
p (h)]" — oo

under iteration (i — 00), then, no matter how small h is made, the error grows
without bound. Nevertheless, we often find that there exists a critical value of h,
such that for stepsizes on one side of this critical value, |p (h)|" — oo as i — oo,
but for stepsizes on the other side of the critical value, |p (h)|" — 0 as i — oo,
which corresponds to stable behaviour. In a later section, we will consider RK
methods applied to stiff differential equations, and instability /stability in the
sense described here will be demonstrated. Suffice it to say at this juncture, an

unstable method cannot be convergent.



Chapter 7
Implementation for systems

To solve the d-dimensional system

y =f(z,y) y@)=yo zo<z<L (7.1)

using an RK method, we consider the definition of an RK method in vector form

kp:f(xmchh,Wi—l—hZaquq) p=12...m

q=1
W11 = W; + h Z bpkp
p=1

wherein each stage k, is a d x 1 vector. Each stage vector contains d entries,
and so there are md entries that must be computed at each step. However, each
stage equation is a vector equation with d components, and so there are md
equations for the md stage vector entries. For an explicit method, the stages
are computed sequentially; for an implicit method, a nonlinear solver such as

Newton’s method would have to be used.

7.1 A two-dimensional system

As an example, consider the solution of

y/E [yll ] _ [fl(x7y17y2) ] Ef(ﬂf,y')

yé f2 (x7y17y2>

21
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using the two-stage RK method

C1 | @11 A2

Co | Q21 Q22

b b

We have

k1 =f (%Z + Clh, W; + hankl + halgkg)
kg =f (CL’Z + Cgh, Ww; + ha21k1 + h(lggkg)

or, more explicitly,

K — ki || fi(@i+ erh,win + hankn + haiokar, wig + haiikis + haako)
1= -
I k1o | I fa (@i + c1h, wi + hajki + haigkar, wie + hajikia + haigkas) |
o — kor | | fi(@i+ c2h,win + hagi ki + hagokar, wig + hasikiz + hagykay)
g = -
I Fao | I fa (@i + coh, wiy + hagi ki + haggkar, wie + hagikia + haggkas) |

which gives four nonlinear equations for the unknowns kq1, k12, k21 and kgs. Using

Newton’s method to solve the system

) ki1 — fi(x; + crh, win + hayikin + hayokar, wis + haiikis + hayokas)
92 | _ k1o — fa (x; + c1h, wir + haiikin + hayokar, wis + haiikis + haiokas)
g3 | | ka1 — fi (@i + cohywin + hagikin + hagskar, wiz + hazikiz + hagokas)
94 kag — fo (2 + coh, wir + hagkiy + hagkar, wis + hagikia + hagakss)

involves the Jacobian
991 g1 OS¢ 9q1
Ok11  Oki2  Ok21  Oka2
992 0992 092  Og2
Ok11 Oki2  Ok21  Okaz
dg9s3 OJg9s3 Og9s  Ogs
Ok11 Ok12 Oko1 Okoo
Ogs  Oga  Oga  Oga
Ok11 Ok12 Oko1 Okoo

and, of course, Newton’s method would have to used at each step.

In the explicit case, we have ¢; = a1 = a12 = a9 = 0, which gives

k. — k11 o f1 (w5, win, wiz)
L= —
i k1o ] i fo (wz‘,wil,wiz)
K — koo || fi (i + coh,wi + hagikin, wig + hagikiz)
5 = —
i Fao | i fo (z; + coh,wiy + hasikir, wie + hag kis)

and so the stages can be computed sequentially.

o O O O



Chapter 8

Error propagation in

Runge-Kutta methods

We now define local and global errors in RK methods formally, and study the
propagation of local error in the implementation of an explicit RK method. We
will also find the relationship between local and global error.

In this section, boldface type, as in v, indicates a d x 1 vector, and boldface
type with caret, as in ﬁ, denotes a d x d matrix. Also, we will denote an explicit

RK method for solving the d-dimensional system (7.1) by
Wiit1 = W; + hF (I‘i, Wz)

where w; denotes the numerical approximation to y (z;) and F (z,y) is a func-

tion associated with the particular RK method. Indeed, F is simply the linear

> bk,
p=1

combination of the stages

8.1 Local and global errors
We define the global error in a numerical solution at z;1 by
Ajt1 = Wit1 — Yist,
and the local error at x;; by
€it1 = [yi + hF (23, ¥i)] — yita- (8.1)

23
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In the above, y; denotes the true solution y (z;), and similarly for y;.;. Note

the use of the exact value y; in the bracketed term in (8.1).

8.2 Error propagation in explicit methods

For the sake of generality we will assume an error A exists in the initial value,
although in most practical cases Ay = 0. We have
w1 =yo + Ag + hF (20, y0 + Ao)
= A =[yo+hF (z0,y0) — y1] + [ I+ hFy (20,&)| Ao
=£&1+ avo
where o has been implicitly defined. In the above we use the symbol &,
in f‘y (x0,&y) Ap simply to denote an appropriate set of constants such that

F, (z9,&,) Ay is the residual term in the first-order Taylor expansion of F (zg,yo + Ay) .

Moreover, F, is the Jacobian

o ., O0R
N Oy 0y
Fy = : :

OF;  9F4

oy1 Oy

where {Fy, Fy, ..., F;} are the components of F. The matrix T is the identity
matrix.

For A, we have

wo = wy + hF (1, wy)

= [y1+ Ai+hF (z1,y1) + hF, (21,€) Ay
= Ay =[y1+hF (71,y1) —yo| + 1+ hﬁy (z1,€1)| As
=gy + 01
= €9 + 1€ + a1y Ag.
It is easy to show that

Ag = €3 + Ox€9 + 00 E] + agalavo

A4 = €4+ a3€3 + 643&252 + 643642&161 + a3&2alaoAg
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and, in general,

A, =€, +0p 1Ep 1+ ...t O 10y QaO1E;
+ Q10 QO QA
where

in which, for each k, £, is an appropriate set of constants (as explained above).
If Hh]/_f‘y (x, Sk)H is small then 6y, ~ I, and so

A, ~ Ay + isi
i=1

but this is generally not expected to be the case, particularly if f‘y (xk, &) has
large norm. Furthermore, if the a’s have norm greater than one, then the term
in g, (or Ay if Ay is nonzero) could make the most significant contribution to
the global error.

If the local errors have the form
€; = Bz thrl
we have

An = (/611 + an—lﬁnfl +...+ an—lan—2 U azalﬁl) hz+1

+ 010, g - GO A

- Z Hihz+1 + HOAO

i=1

where the 0; are appropriate coefficients, comprised of the &’s and the 3’s.
Hence, the global error A, is, in a sense, a linear accumulation of these local

errors. Furthermore, we have

A, = Z 0,h" + 0,2,
=1

1 n
— (E > 9,-) (nh) h* 4+ 6
=1
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where 0 is the vector of the average values of the 6; on [z¢,z,], and we have
used nh = L — xy. We see that A,, is O (h*) if Aq is small.

We included the initial error Ag simply to indicate the fact that, if the a’s
have large magnitude, then this initial error could make a substantial contribu-
tion to the global error. In other words, the contribution of this initial error
does not necessarily tend to zero as we iterate the method. This initial error
could represent roundoff error in the initial-value, although a proper treatment
of roundoff requires that we replace each local error ¢; by €; + p, in the foregoing

analysis, where p, is the roundoff error incurred at x;.



Chapter 9
Error control

The importance of being able to control the approximation error in the imple-
mentation of any numerical method cannot be overstated. In this section we will
study several techniques for estimating and controlling both local and global

errors in RK methods.

9.1 Error estimation: Local extrapolation

Consider two RK methods of order z and z+1. Let wj,; denote the approximate
solution at x;,; obtained with the order z method, and similarly for wfjfll. Let
the local error at x;;; in the order z method be denoted by €7, = 57, ,h*"!, and
similarly for e7/] = 871 h*+2. Hence, with w?, w;™" = y;, we have

Wi — Wi = e — i = Bt - B

~ 6§+1hz+1

if h is sufficiently small. This gives
z+1

W, — W;
~ Yin +1
ﬁfH ~~ th—+11 (9.1)

27
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9.2 Error estimation: Richardson extrapolation

Here, we use the order z method only. We find approximate solutions at z; + %

and z;,1, so that

h h z+1
wiyy (h) —wip,y (5) ~ BT =287, (5) (9:2)

— @f—&-l (1 o 2—z) hz+1

which gives
. wiy (h) —wi, (%)
i+1 (]_ _ 2—z) hzt1
A justification for the factor of 243;,, in (9.2) is given in the Supplementary
Notes.

(9.3)

9.3 Local error control

Once we have estimated the local error, we can perform error control. Assume
that we require that the local error at each step must be less than a user-defined

tolerance 9. Moreover, assume that, using stepsize h, we find
|5f+1} = |ﬁf+1hz+1| > 0.

In other words, the magnitude of the local error €7, ; exceeds the desired toler-

ance. We remedy the situation by determining a new stepsize h* from

1

B5 (W) =0 =0 = ( ’ ) (9.4)

54|

and we repeat the RK computation with this new stepsize. This, of course, gives
Tiy1 =1 + h"

This procedure is then carried out on the next step, and so on. Such form of
error control is known as absolute error control. If the estimated error does not
exceed the tolerance, then no stepsize adjustment is necessary, and we proceed
to the next step.

Often, we introduce a so-called ‘safety factor’ o, as in

o)
h*=o zL
(Wm )



9. Error control 29

where ¢ < 1, so that the new stepsize is slightly smaller than that given by
(9.4). This is an attempt to cater for the possibility that 87, ; may have been
underestimated, due to the assumptions made in deriving (9.1) and (9.3). The
choice of the value of o is subjective, although a representative value is 0.8.

Additionally, we generally implement relative local error control, in the sense
that we demand that

}Ez‘zﬂ‘

}wz 1’ < (SR = |8;-Z+1} < 5R"U}f+1|.
i+

However, if }wf +1‘ ~ () we implement absolute error control, by demanding that
|eha| <0

To cater for both of these cases, we modify (9.4) to give

b (max{aA,aR wa+1\}>z“
5o

Thus, if |wf +1‘ ~ ( the error is most likely subjected to the tolerance ¢ 4, other-
wise the tolerance is most likely 0 ‘wf +1| . Usually, we use 04 = 0p.

Note that because this error control algorithm is applied on each step, we
could find that over the interval of integration we have stepsizes of varying

lengths. For this reason, it is appropriate to make the replacement

where h; = x;11 — z; in the definition of RK methods (3.1).

9.3.1 Propagation of the higher-order solution

There is a very important point that must be discussed. Our methods for de-

termining 37,, hinged on the requirement w;, w?t = 5;. However, we only have
the exact solution at the initial point x¢; at all subsequent nodes, the solution is
approximate. How do we meet the requirement w?, w; ™' = y;?

In the case of local extrapolation, the answer is simple: simply use the higher-

order solution w;*!

and wi ! (with the order z + 1 method). In other words, we are assuming

as input to generate both w7 , (with the order z method),

that w;™ is accurate enough, relative to w?, to be regarded as the exact value,
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an assumption entirely consistent with the assumption made in deriving (9.1).
This means that we determine the higher-order solution at each node, and this
solution is used as input for both methods in computing solutions at the next
node. The question of whether or not the global error that accumulates in the
higher-order solution affects the calculation of 37, in (9.1) is addressed in the
Supplementary Notes.

For Richardson extrapolation, the requirement w?, w?"' = y; is not actually

necessary, also shown in the Supplementary Notes.

9.4 Reintegration

Controlling the global error requires a reintegration process. This means that
we estimate the maximum global error in the numerical solution on the entire
interval of integration (obtained using an order z method with stepsize h), impose
the condition

Ga(h) <6

where (G4 is the coefficient of the maximum absolute global error, determine a
new stepsize h*, and then repeat the entire calculation using this new stepsize
(hence the term ‘reintegration’). We assume, for simplicity, that the nodes are
equispaced on the interval of integration.

Estimation of the global error is most easily achieved by obtaining a higher-
order (z+ 1, for example) solution, using the stepsize h, in addition to the order
z solution. Hence,
max ‘wf - wf“‘

hz
We have assumed that the global error in the higher-order solution can be ne-

Ga=

glected, relative to the lower-order solution, in similar fashion to what was done
in the local extrapolation procedure described earlier. For relative global error

control we have

z

w?—w?Tt

3

max{tSA,éR

hz

max
K3

]

z
wj

Gr =

. (1Y
h_(GR)
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Here, G is the coefficient of the maximum relative global error, taking into
account the possibility |w?| ~ 0.

Because of the need to obtain three numerical solutions, the reintegration
procedure is generally regarded as inefficient, and local error control is usually

preferred over global error control.

9.4.1 The possibility of bounded global error via local
error control

Of course, controlling the global error may desirable in many applications, and if

efficiency concerns are not important, then reintegration must be used. However,

it is worth investigating the effect on the global error if local error control, via

local extrapolation, is implemented.

Consider the expression obtained previously for the global error at x,,

Ap=cen+ap_16n1+ ...+ Qpo1Qp_g- - Qo161

=&, + anflAnfl. (95)

We consider the scalar case, and we assume Ay = 0. If we have the exact value

y; at each node, then we have
Aip1=€ip1

at each node, so that the global error is equal to the local error. If the local error

has been controlled (subject to tolerance ¢), we have
|Aipa] <6

which means that the global error satisfies the tolerance . However, as discussed
previously, we do not have y; at each node; rather, in the case of local extrap-

olation, where we have a higher-order solution available, and we propagate this



9. Error control 32

higher-order solution, we have, from (9.5),

z _ -z ~z A z+1
A =&l a7 4]

_ .z z z+1 ~z+1 _z+1 ~z4+1~z+1 ~z+1 _z+1
=& T (1 + th (77@)) (5i to g0 o a0y e )

=cig+ Y e +0 ()

=1
i
z z+2 z+1 z+2
S lefa] + E :U 6577 h
j=1

_ _z+1 z z+1 z+2
=0 |6i+1| o

Bz—‘rl (131 B xo)‘ hz+1

where 7, is an appropriate constant, A is assumed to be the stepsize determined
from (9.4) and we have included the safety factor o explicitly. In the second
last line, we assume that, since |7, ;| < J and ‘55“} < ‘Eﬂ (the fundamental
assumption in local extrapolation), we must have|5jz-+1’ < 6. In the last line, BZH
denotes an average value, and we have used the same analysis as in deriving (8.2).

Now, assuming ‘BzH (x; — xo)‘ h**1 < § (see the Supplementary Notes), we have

|A§;+1‘ ~ O_z+15+ O.z+2

g O_z+15 + O_z+25

— O_z+1 +O,z+2) 5

It is easily confirmed that for o = 0.8, we have(c*™! + 0°72) < 1 for z > 2. This
means that
85, <

for these values of o and z, which suggests that the global error, like the local
error, satisfies the user-defined tolerance. In other words, propagation of the
higher-order solution in local error control via local extrapolation, has resulted
in control of the global error, although the significance of the safety factor in
deriving this result should be clear. More importantly, the above result holds
only if the various assumptions made here are true; if they are not, then !Af +1‘ is
probably greater than ¢. For this reason, we say that the global error is possibly
bounded, but this is not guaranteed. We should appreciate that such a bounding
of the global error is a beneficial by-product of local error control, and is not the

designated objective.
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9.5 Error control in systems

For a system, error control differs only in the calculation of the stepsize. If there
are d components in the numerical solution, then an error coefficient can be

determined for each component, as in

z z+1
85 Witrj — Wit15
7’+1).7 ~ hZ
where j = 1,2,...,d is the component index. We then determine h* from
1
z+1
. max {04, 0R |W5 1 *
h*:m_ln { - ‘ i+ 7]‘}
J 18714

Effectively, we determine a new stepsize for each component of the system, and
choose the smallest. The procedure is similar for global error control via reinte-

gration.



Chapter 10
Stiff differential equations

We now study the use the use of RK methods in solving stiff differential equa-
tions. The concept of stability, briefly mentioned in a previous section, is par-
ticularly important in this context.

10.1 Definition of stiff differential equations

Consider the d-dimensional system

y =f(x,y) y (20) = yo To<x <L (10.1)
If the Jacobian
ofn .. oh
N Oy 0yq
| o (10.2)
9fa ... Ofa
9y1 0yq

has at least one eigenvalue in the left half of the complex plane, then the system
is said to be stiff.
It must be appreciated that /f\y = /fy (z,y (z)), so that the degree of stiffness

of a system can vary with x.

10.2 First-order approximation of a system
Let 7 (z) be a solution of (10.1). Define

Y=y—7

34
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and consider
y =f(z,y)=f(x,mr+Y)= f(a:,ﬂ)+Y/f\y(x,7r) R
— ' + Y5, (2, 70) + ...
Sy - =Y =YL, (z,7)+ ...
Also, 7 is not a function of y, so that
/f\y (x,m) = fy (x,)

df df dYy  df
(5= v~ )

and we have

-~

Y =%Y (10.3)

as a first-order approximation to (10.1).

The solution to (10.3) in scalar form is
Y (z) = KeM = y () = Ke + 7 (1)

A= fy (l‘,ﬂ')
K = e (yo — mo) .

Note that the ‘stiffness constant’ A is a constant in the sense that it is independent
of . We see that if A < 0 then the term Ke*?® is a decreasing function of x, and

if the magnitude of A is large, then this term decreases rapidly towards zero.

10.3 The Dahlquist equation

The Dahlquist problem is

Y =Ny
y(0)=1,A<0
and has the solution
y(z) = e,

Clearly, this equation has the same form as (10.3), so that we may suppose that
any IVP ‘subsumes’ the Dahlquist equation. The significance of this is that, if
we wish to study the application of an RK method to a stiff problem, then it is
sufficient to simply consider the application of that RK method to the Dahlquist
equation. This greatly simplifies the analysis of RK methods applied to stiff

systems.
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10.4 Instability, stability and stability regions

It is easy to verify that applying Euler’s method to the Dahlquist problem gives

If |1+ AA| > 1, then |w;| — oo as i — oco. However, since A\ < 0, we expect that
|w;| should approach zero under iteration. Certainly, if |w;| — oo, we have an

unstable solution. Hence, we must impose the condition

1+hA <1=h< (10.4)

2
Al
If the stepsize satisfies this condition, the solution will be stable and will exhibit
the expected decreasing behaviour; if h violates this condition the numerical
solution will increase without bound, quite the opposite to what is expected. In
other words, we see that the stability of the method depends critically on the
value of h.

Generally, for an explicit RK method applied to the Dahlquist problem, we
have
w; = R (h\)’
where R is known as the stability function, and is a polynomial in AX. The

stability functions for explicit RK methods of order one to four are

14+ A 1st order

1+ AN+ (G2)S 2nd order
R(h)\) = 2 10.5
(k) 1+h)\+%+% 3rd order ( )

1+ h\+ (h;‘)z + (hg‘)3 + (h2’>1)4 4th order

and for stability, we require
|R(hA)| < 1.
This condition defines a region in the complex plane, the boundary of which is

the locus of the points that satisfy
R(h\) = €.

This equation can be solved for hJ\; each of these roots is parameterized by
¢. For ¢ € [0,27], each root races out a segment(s) of the boundary of the
stability region, and the union of these segments gives the complete boundary
of the stability region. Stability regions corresponding to the stability functions

in (10.5) are shown in the figure below.
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0i A

RK1

RK2

21 4

For stability, we must choose h such that A\ lies within the appropriate stability
region, for any and all A that lie in the left half of the complex plane. Recall that
A represents the eigenvalues of the Jacobian (10.2) of the system (10.1), and can
certainly be complex. If none of the eigenvalues lie in the left half of the complex
plane, then the system is not stiff, or nonstiff, and the analysis presented here
does not apply. Indeed, for A in the right half of the complex plane, we expect

that the solution will increase exponentially with .

10.4.1 Interpretation of R (h)\)

‘We have

w; = [R (h)]
yi = X = Xt = (e,\h)i

so that the stability function is an approximation to the exponential function.
Indeed, we see in (10.5) that each stability function is a truncated Taylor series

for the exponential function e*.
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10.4.2 TUnstable term in the error expression

Let us derive an error expression consistent with (6.2), one that explicitly shows
the unbounded growth of error in an unstable solution. For Euler’s method we

have

R(hA) =1+ hX = e
= R(h\) — E = e

where FE is an error term. For the global error after i iterations
A, = R — ¢t — (eAh + E)Z _ gihx
Now,
(eAh + E)l _ ihh _ gihA (1 + e”\hE)i _ gihA
~ eihX (efAhE)i _ ¢ihA
_ b ((G—AhE)i _ 1)
~ FE'

where we have assumed that, because A\ < 0, —\h is large positive, so that
e E > 1. For the error E we have

E=1+h\—¢eV

(BN (hN)° (b))
2 6 24

and so

A (_ (hN)? (V) (W) ) )
2 6 924

Hence, the global error is polynomial in h and exponential in 7, as described in

(6.2). Thus, if h is too large, the error will grow without bound.

10.5 Stepsize selection

How do we find a stepsize that guarantees stability? We will describe the process

for the explicit fourth-order method; it is similar for other explicit methods.
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To begin with, consider

(hN)? | (BN (b))

=1
Ry (hA) + hA + 5 + G + 2

(10.6)

Now, say we wish to use the fourth-order method with suitable stepsize h to
find an approximate solution wy to (10.1) at the node x; = x¢+ h. The procedure

for finding such a stepsize is as follows:

1. Find the eigenvalues of the Jacobian (10.2) at (xg,wy), and select only
those that lie in the left half of the complex plane. Call this set {);} .

2. For each )\;, roughly estimate the stepsize as

2.8

h;, = —.
TNl

This amounts to approximating the stability region with a semicircle of
radius 2.8.

3. Determine

| Ry (hjAj)|

4. For each \; for which
|Ra (hjAs)| > 1

use a numerical solver, such as the Bisection method (see the Supplemen-
tary Notes), to find A} such that

|[Ba (B525)] = 1.

5. From the set {h;}U{h}}, find h = min {{h;} U {h7}}. Use this value for
the stepsize to carry out the RK calculation, to generate a stable w; at

l’lzl'()—i‘h.

In Step 2, the numerator 2.8 is the extent of the boundary of the stability
region for RK4 (see the figure) along the real axis. For our purposes, we will
refer to this number as the stiffness limit for the given RK method. Stiffness

limits for the methods in the figure are given in the table below.

RK1 | RK2 | RK3 | RK4
Stiffness limit | 2 2 25 | 2.8
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It is clear that the stepsize selection process described here is both local and
predictive. By contrast, stepsize adjustment in local error control is retrodictive.
It 1s important to ensure that, in the case of local error control via local extrapo-
lation, the higher order method has a larger stability region than the lower order
method. There is no point in using an unstable high order solution to estimate
the error in the low order solution; we have already made the point that unstable
methods are not convergent, so that unstable solutions are probably very inac-

curate - quite the opposite property to what is required in local extrapolation.

10.6 Implicit methods and A-stability

The obvious drawback of using explicit RK methods to solve stiff systems is
that, if the system is very stiff (eigenvalues with very large magnitude), then
the appropriate stepsizes would be very small. This would mean a very large
number of steps/nodes would be required on the interval of integration, with
adverse consequences for computational efficiency.

An implicit RK method with tableau

C1 a1 a2 - A1m

Co 21 22

Cm | Am1 QAm2 Am,m

by ba . b,

has a stability function given by

R(hA) =1+ hAB(I, — hAA)'1,,

where
a1 Q12 - Qim 1
~ a21 a2 : 1 .
A= B=[b1 by ... by)] 1,,=| . m times
Qm,1 OGm2 = Qm,m 1

In fact, this expression holds for any RK method, including explicit methods.
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Consider the method

1

1 2 2
1 1

O 2 2
11

2 2

encountered previously. For this implicit method, we have

1

R(hN) = —5——.
hA
B pA 41

This is an example of a so-called Padé approximation to e", and it is known
to have magnitude less than one on the left half of the complex plane. In other

words, this stability function satisfies
|R(hN)| <1

for all A in the left half of the complex plane, irrespective of the value of h. An RK
method with such a stability function is said to be A-stable. For such methods,
no control of the stepsize is necessary, as far as stability with regard to stiff
differential equations is concerned. Not all implicit methods are A-stable, but
only implicit methods can be A-stable. There are no A-stable explicit methods.
If an A-stable method is used to solve a stiff problem, particularly a very stiff
problem, it would require fewer nodes, simply because the only restriction on h
that could be present would be that relating to local error control. Consequently,
such a method could very well be more efficient than an explicit method, even
with the extra computational burden of using Netwon’s method at each step.
An example of stability in a two-dimensional system is given in the Supple-

mentary Notes.



Chapter 11

Supplementary Notes

11.1 The reflected second-order method

Here we construct the reflected second-order method formally, using the equiv-

alence of the two relevant Taylor series. We have

(o) =y (o1 — h) =y (02) = hy/ (22) + o/ 1) ..
:y(xl)—h[f]1+%2[fx+ffy]1+... (11.1)

where [f]; indicates that f is evaluated at (z1,y (1)) , and similarly for [f, + f f,]; -
Here, we have used
y=r=y=L+If
Rearranging (11.1) gives
B2
(@) =y (ao) + hf), — o

Assume that forward form of the reflected method has the form

o+ [+ (11.2)

ki = f(z1,y(71))
ky = f (w1 +~vh,y (v1) + Ohk,)
Yy (z1) =y (z0) + nk1 + Az

where 7, 60,n and A are parameters to be determined. Hence, we have

y(z1) =y (xo) +nf (x1,y (21)) + Af (21 +vh, y (v1) + Ohk)
y(xo) + (n+ A [fly + h[yAfa +OXF L)+ (11.3)

42
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after suitable expansion in a Taylor series.
Equating coefficients in (11.2) and (11.3) gives

n+A=nh
YA = —g
h
oN = —5
Choosing n = % gives
)\:g, v=-1,0=—-1.

11.2 The classic explicit fourth-order method

The structure of the classical explicit fourth-order RK method is

ki =hf(x,y)

ke = hf (x 4 coh,y + c2kq)

ks = hf (x 4 csh,y + c3ko)

ky = hf (x 4 c4h,y + caks)
y(x+h) —y(x) = biky + baka + bsks + baky.

We seek values of ¢, 3, cyq, b1, bo, b3 and by such that biky + boks + bsks + baky
agrees with the Taylor expansion of y (x + h) —y(x) up to the fourth-order term.
If we define

Fl£fz+ffy
F2Efxx+2ffry+f2fyy
F3 Efa:m:+3ffxwy+3f2fwyy+f3fyyy

where f, = %, foy = aajgy and so on, then by differentiating ' = f(x,y) we

obtain

y(3) — F2 —+ fyF1
9(4) = F3+ f 5+ 3F (foy + ffoyy) + f;Fl
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so that the Taylor expansion is

h2 3
y(x+h)—y(x)=hf+ 5F1 + 6 (Fy+ f,Fh)
h4

+ﬂ<F3—{—fyF2+3(fxy+ffyy)Fl)

Rt 5
+ ﬂfyFl + O(h?). (11.4)
Expanding the £’s in Taylor series yields
ki =hf

1 1
/{72 =h |:f + CQhFl + §C§h2FQ + 66§h3F3 + .. :|

1
/{33 =h |:f + CghFl + 5]12 (C§F2 + 2CQC3fyF1)
1
‘I—ah?’ (CgFg —f- 30%03fyF2 —f- 60303 (fa:y —I— ffyy) Fl) —f- .. :|
1 2 (.2
k‘4 =h f + C4hF1 + §h (C4F2 + 20364fyF1)

1
+ 6]13 (CiF3 + 36§C4fyF2 + 6C§C4 (fxy + ffyy) Fl)
+h360263C4fy2F1 + .. }
and so
Yy ($ + h) - y(x) = bllﬁ + bgk’g + b3]€3 + b4]€4
= (bl -+ b2 + bg -+ b4) hf -+ (bQCQ + bgCg + b4p) h2F1
1 1
+ 5 (bgcg + bgcg + b4ci) h3F2 + 6 (bgcg + b3C§ + b462) h4F3
1
+ (bgCgCg + b4CgC4) h3fyF1 + 5 (b3CQC§ + b4CgCi) h4fyF2

+ (b3CgC3 + b4C§C4> h* (faoy + ffy) F1
+ bacacseah* fIFL + O (B) (11.5)

Comparing (11.4) and (11.5) gives the order conditions

b1 + bg + bg + b4 =1 b30203 + b46304 =
bQCQ + bgCg + b4C4 =
bQC% + bgC% + b4C?l =

baC3 + b3ch + byci =

b3Cac3 + byczcs =

= 0= =
sl=

bscacs + bycicy =

LN Ll S e

1
bycacscy = of.
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11.3 Order conditions for the explicit fourth-

order method

The complete set of order conditions for the explicit fourth-order method is

bl + bg + b3 + b4 =1 b3a3262 + b4a4202 + b4a4303 = %
baco + bzcg + bycy =
bQC% + bgcg + b4Ci =

bgcg + b3C§ + b4Ci =

1
b3azaCacs + byasacacy + byagzcscy = 3

2 2 2 __ 1
b3a3202 + b4a4202 + b4(l4303 =13

B W N

_ 1
biazaasszcy = 2%

1
boasi + bsazy + bsazs + byagy + byass + byasz = 3

baagiag + bzagias; + bsasiagzs + bzazaas; + bsaszass

+ byagiaq1 + byagiags + byagyagg + byagoasy + byasoaqgs

1
+ byagoaq3 + byagzas + byaszass + byasgass = -

3

bsaszaaay + baasaa2; + byaszas) + byassase = 6

baa21G21G21 + bzaziasias; + bzaziasiass + bsaziazeass

+ bzasaasaasz + b3azaa32a31 + b3aspaziaz; + bzaziaszasz;
+ 0332031032 + bs41041041 + bsag1a41042 + baagagas
+ 0404142042 + 04041041043 + sG41043041 + Dsag1043043
+ b1041042043 + bsaa1043042 + bsGa2041 a1 + baGa2s1 42
+ 04042042041 + b4G42042042 + 4042041043 + Dsa4204304;
+ 04042043043 + b4G42042043 + b4G42043042 + 4043041041

+ 04043041042 + b4043G42041 + bsay3042049 + byay3a41043

1
+ b1aa3a43a41 + bsaa3aazasz + bsaazasoass + bsaazaszass = 1

bzaszaaz1a31 + b3azaasi sy + baaazasiag
+ byagoa91a4o + byagoasiaygs + baagaszas,

+ byagoaqzasy + byaszagzasy + byaszaseag

1
+ byaazazoas + bsaszazeas = 3
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bsasaagiaz; + byaszagiazr + byaszasias;

+ byagzasziasy + byaszaseasy + byaszassass = 1

b 1
91 = —
143032021 o4

It is easy to show that the conditions

Co = Q21
Cc3 = a3y + ass

Cq = Q41 + Qg2 + Q43

follow from and are consistent with the order conditions above.

11.4 The factor of 23;,, in Richardson extrapo-

lation

We note that, since an RK method of order z is equivalent to a Taylor method
of order z, we will take the local error in the Taylor method as the local error in
the RK method. Hence,

Bia = Y9 (i) o

(z+1)!
_ 3/(2) (xi)hz—i-l i Z/(Z+1) (Cz) 242
(z+1)! (z+2)!
N y(z) (371) e
(z+ 1!

if h is small, and where ;,; and (; are appropriate constants.

Now, w7, (h) is the solution at x;,, obtained with stepsize h. We have

Aigy (h) = Bih* ™ + (1+ RES (ny)) A

(2) (.
y xl) z z

where 7, is an appropriate constant. The solution at x; + %, denoted w? (%) ,

i+
R\ oy (z) (AT h
1= ) = - —FZ A;
A”2(2) Crolz) Ut (m2) | A

has
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z
201

il (%) to compute a solution

where 7, is an appropriate constant. If we use w

at x;41, which we denote w7, (%) , we have

Bt (g) %y(()z(i—;;'%) (g)m + (1 + ng (%)) ?(/;L(ﬂi))' (g)z“

+ <1 + g o (773)> (1 + ng (772)) A;

where 7, is an appropriate constant. Expanding the first term gives

y(z) (xz + g) (E)Z-H B y(z) (l'z) (E)Z—H . y(z+1) (xz) (ﬁ>z+2 .

(z+ 1) 2 (z+ 1)\ 2 (z+1)! \2
N y(z) (:UZ) h z+1
T (z41)! (5)

for small h. Hence,

A ﬁ B y(z) (2;) ﬁ 241 . y(z) (2;) ﬁ z+1 . y(z) () F; (n5) ﬁ 242
H\2) T\ 2 (z+ 1)\ 2 (z+1)! 2
h z h z h2 z z
+ A + 51 (m3) Ai + 51 (m2) Ai + 75 (n3) Fy (n2) A
<255 (3) A+ EE ) D+ BB (),
and so
h z 4 z
Avir (B) = Aips (5) n BB A+ E (1) A,

— 267 <§) —Ai— 5k (n3) Ai — 51 (12) A

z z+1 z h =
=Binh™ =264 ( 5

2
F* F*
+ F* (771> Ty (773) Ty (772) hAl (11.6)
4 2 2
Now, assume
Ny =11 + pah
N3 =1 + psh

where p, and p; are suitable constants. These give

Fyz () = Fyz (1 + poh) = FyZ (m) + p2thZy (m) +--.
Ey (ng) = Fy (m + psh) = F (ny) + pshFy, (m) + ...
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so that

h

. Er(ng)  Fy(ng)  (poky, (m) + psFy, (n) + ..

which means that the third term in (11.6) is O (h*2) and so is neglected. Hence,

h h z+1
Aipr (h) = Aia (§> ~ BT =267, <§) :

Note that in the derivation of this result, we have not assumed w7, w; " = y;.

11.5 Effect of higher-order global error in local

extrapolation

z+1

71 is used to generate w7 ; and w}. Let A7*! denote the

%

We assume that w

global error in w;*'. Hence, we have

f+1 = 5?+1hz+1 + (1 + thZ (771)) Aerl
— 6§+1hz+1 4 A;:Jrl + thz (771) Af+1
AL = BRI 4 (L hET () AT
= B+ AT RES (1) AT

where 7, and 7, are appropriate constants.

Hence,

wiy, —wil =B T AT+ hEy (1) APt
= BEHIE = AT = RE () AT
= B7 W = BEHRT + (F7 () — F () hA;T

~ 5f+1h2+1

for small h, because hAZTt = O (h**2). We see that the presence of global error
in the higher-order solution does not affect the expression for 3;, ; obtained under
the assumption w?, w; ™! = ;. However, if one is not convinced that the O (h**2)
term can always be assumed to be negligible in relation to the O (h**1) terms,

then one could always use a method of order greater than z + 1.
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11.6 The assumption |3 (z; — mo)| WP < 6

The underlying premise of local extrapolation is the assumption

G5 | P*E >

1 2
BEH| BT

which implies

B[ 7 = MBE | W7, (11.7)
where M > 1 is a large number. Assuming that fjfll is a slowly varying function

. . »z+1 .
of x, we can replace ﬁf:ll with its average value 5~ °, and so we may write

}6§+1| hz—‘rl 2 i

s ‘ B+ —

22+l
BZ (I.Z _ 370)‘ hz—‘,—l7
assuming that ¢ is not too large. Hence,

85| P < 0=

BZ—H (.C['l — SU())’ hz+1 <.

Of course, if 7 is such that

hz+2

Bz—l—l

B h <

then our analysis fails, and the global error will not be bounded by ¢, even

though the local error is bounded.

11.7 The Bisection method for stepsize adjust-

ment in a stiff problem

If
| Ry (hjAj)] > 1

then we implement the Bisection method to find the root o; of
| Ra (jhA;)] =1 =0

with
18,1]

as the starting interval.
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To find 3, we determine

()

for successive values of n (n =1,2,...), until we find

hi\;
‘R4 (#)‘—1<0

Say this occurs at n = ne. We then take

B

Hence,
[ R4 (BhjA;)| —1 <0

and o = 1 gives
Ry (b)) 1> 0

so that the root certainly lies on [/, 1]. Once we have found «;, we define
h; = 0.950[jhj.

where the 0.95 is a safety factor.

11.8 Stability in a stiff two-dimensional system

We investigate stability in the two-dimensional system

y = [1/1 ] —f(z,y) = [fl (Sﬂ,ybyz)]

yé f2(95>y1,y2)
with o o
1 1
A I
vT e ok | = o p
Y1 Oy2

The eigenvalues of ?y are

A+D /A2 _2AD + D? + 4BC
= +
2 2
_A+D AZ2AD+ D?+4BC
2 2 '

At

A2
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Now assume that

A+D <0
A%2 —2AD + D?>+4BC < 0

so that
A+D <\/—(A2—2AD+D2+4BC)>,
)\1 = + 1
2 2
W _A+D V= (A2 —2AD + D?* +4BC) \ .
2 = B B 1.
In this case,
(A+ D)* — (A2 — 2AD + D? + 4BC)
A1) = |Ae] = \/ =+VAD — BC.

2
Hence, the condition for stability is

2
VAD — BC

if we were to use Euler’s method to solve the problem; see (10.4). From the plot

h <

of stability regions it seems reasonable to use a numerator of 2.5 if we were going
to use RK3 or RK4 to solve the problem, i.e.

2.5
VAD — BC’

Strictly speaking, the numerators used here (our so-called stiffness limits), while

h <

reasonable, are not entirely correct. To properly determine the stepsize, we
should use the algorithm described earlier which takes into account the complex
nature of the eigenvalue(s).

Note that if v/AD — BC' is small, then the condition on & is not stringent, so
that the use of an explicit method would probably be acceptable. Furthermore,
the eigenvalues will certainly have small magnitude if the entries in fy are small.
Since the largest of these entries (in magnitude) serves as a Lipschitz constant
for the problem, we infer that stiff systems with small Lipschitz constants will
very likely be only slightly or moderately stiff, so that an explicit method is
suitable. If, on the other hand, the Lipschitz constant is large, then the system,

if it is stiff, is probably very stiff, and an implicit method must be used.



