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Notation

aEFFONZSCO®M;

s
3

Q2
3

is defined as

belongs to (a set)

does not belong to (a set)
intersection of sets

union of sets

empty set

set of natural numbers

set of integers

set of rational numbers

set of real numbers

set of nonnegative real numbers

set of complex numbers
n-dimensional Euclidean space
space of column vectors with n real components
n-dimensional complex linear space

space of column vectors with n complex components

Hilbert space

V-1

real part of the complex number z
imaginary part of the complex number z
modulus of complex number z

[z +iy| = (2> +y*)'/%, 2,y eR
subset T of set S

the intersection of the sets S and T
the union of the sets .S and T'

image of set .S under mapping f
composition of two mappings (f o g)(z) = f(g(z))
column vector in C™

transpose of x (row vector)

zero (column) vector

norm

scalar product (inner product) in C"
vector product in R3

m X n matrices

determinant of a square matrix A
trace of a square matrix A

rank of matrix A

transpose of matrix A



A

A*

AT

Afl

I,

1

O

AB

AeB

[A,B] := AB— BA
[A,B], := AB+ BA
A® B

ADB
dj

A
€
t

=

conjugate of matrix A

conjugate transpose of matrix A
conjugate transpose of matrix A
(notation used in physics)

inverse of square matrix A (if it exists)
n X n unit matrix

unit operator

n X n zero matrix

matrix product of m x n matrix A

and n X p matrix B

Hadamard product (entry-wise product)
of m x n matrices A and B
commutator for square matrices A and B
anticommutator for square matrices A and B
Kronecker product of matrices A and B
Direct sum of matrices A and B
Kronecker delta with d;;, =1 for j =k
and 6, =0 for j #k

eigenvalue

real parameter

time variable

Hamilton operator

The Pauli spin matrices are used extensively in the book. They are given

by

(0 1
o=

) w5 (3 %)

In some cases we will also use o1, o2 and o3 to denote o, oy and o, .

xi



Chapter 1

Basic Operations

Problem 1. Let x be a column vector in R™ and x # 0. Let

XXT

xTx

T

where 7' denotes the transpose, i.e. x” is a row vector. Calculate A2

Problem 2. Consider the 8 x 8 Hadamard matriz

1 1 1 1 1 1 1
1 1 1 -1 -1 -1 -1
1 -1 -1 -1 -1 1 1
1 -1 -1 1 1 -1 -1
-1 -1 1 1 -1 -1 1
-1 -1 1 -1 1 1 -1
-1 1 -1 -1 1 -1 1
-1 1 -1 1 -1 1 -1

== e e e e

(i) Do the 8 column vectors in the matrix H form a basis in R®? Prove or
disprove.

(ii) Calculate HH”, where T denotes transpose. Compare the results from
(i) and (ii) and discuss.

Problem 3. Let A, B be n x n matrices such that ABAB = 0,,. Can we
conclude that BABA =0,"7



2 Problems and Solutions

Problem 4. A square matrix A over C is called skew-hermitian if A =
—A*. Show that such a matrix is normal, i.e., we have AA* = A*A.

Problem 5. Let A be an n x n skew-hermitian matrix over C, i.e. A* =
—A. Let U be an n x n unitary matriz, i.e., U* = U~'. Show that
B :=U*AU is a skew-hermitian matrix.

Problem 6. Let A, X, Y be n x n matrices. Assume that
XA=1,, AY =1,
where I,, is the n x n unit matrix. Show that X =Y.

Problem 7. Let A, B be n x n matrices. Assume that A is nonsingular,
i.e. A™! exists. Show that if BA =0, then B = 0,,.

Problem 8. Let A, B be n X n matrices and
A+B=1, AB=0,.
Show that A? = A and B? = B.

Problem 9. Let
A:=xxt +yyT (1)

= (o, e ()

and # € R. Find xTx, yTy, xTy, y'x. Find the matrix A.

where

Problem 10. Find a 2 x 2 matrix A over R such that
1 1 1 0 1 1
1(0)=30) 40)=50)

Problem 11. Consider the vector space R*. Find all pairwise orthogonal
vectors (column vectors) X1, .. .,X,, where the entries of the column vectors
can only be +1 or —1. Calculate the matrix

p
E T
X]X]—
=1

and find the eigenvalues and eigenvectors of this matrix.
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Problem 12. Let

2 2 =2
A= 2 2 =2
-2 =2 6

(i) Let X be an m x n matrix. The column rank of X is the maximum
number of linearly independent columns. The row rank is the maximum
number of linearly independent rows. The row rank and the column rank
of X are equal (called the rank of X). Find the rank of A and denote it by
k.

(ii) Locate a k x k submatrix of A having rank k.

(iii) Find 3 x 3 permutation matrices P and @ such that in the matrix PAQ
the submatrix from (ii) is in the upper left portion of A.

Problem 13. Find 2 X 2 matrices A, B such that AB = 0,, and BA # 0,.

Problem 14. Let A be an m x n matrix and B be a p X ¢ matrix. Then
the direct sum of A and B, denoted by A @ B, is the (m + p) x (n + q)

matrix defined by
A 0
wsme(40).

Let A1, A3 be m x m matrices and By, Bs be n X n matrices. Calculate

(A1 @© B1)(A2 @ Bs).

Problem 15. Let A be an n x n matrix over R. Find all matrices that
satisfy the equation ATA =0,

Problem 16. A matrix A for which AP = 0,,, where p is a positive integer,
is called nilpotent. If p is the least positive integer for which A? = 0,, then
A is said to be nilpotent of index p. Find all 2 x 2 matrices over the real
numbers which are nilpotent with p = 2, i.e. A% = 0s.

Problem 17. Show that an n x n matrix A is involutary if and only if
(I, —A)(I,+ A) =0,.

Problem 18. Let A be an n X n symmetric matrix over R. Let P be an
arbitrary n x n matrix over R. Show that PT AP is symmetric.

Problem 19. Let A be an n x n skew-symmetric matrix over R, i.e.
AT = —A. Let P be an arbitrary n x n matrix over R. Show that PT AP
is skew-symmetric.



4 Problems and Solutions

Problem 20. Let A be an invertible n x n matrix over C and B be an
n x n matrix over C. We define the n x n matrix

D:= A"'BA.
Calculate D™, where n = 2,3,.. ..
Problem 21. Let A, B, C, D be n X n matrices over R. Assume that
ABT and CDT are symmetric and ADT — BCT = I,,, where T denotes

transpose. Show that
ATD - CTB =1,.

Problem 22. An n X n matrix P = (p;;) is called a stochastic matriz if
each of its rows is a probability vector, i.e., if each entry of P is nonnegative
and the sum of the entries in each row is 1. Let A and B be two stochastic
n X n matrices. Is the matrix product AB also a stochastic matrix?

Problem 23. Let A be an n x n matrix over C. The field of values of A
is defined as the set

F(A):={z"Az :ze€C" |, z'z=1}.

Let o € R and

b

Il
[N el ol oo N Nolt ol
DO OO D
o000 O =D —~O
oo OoO~RD HOO
OO O~RD RO OO
oo, —roO0COO
o~ RrOoOOoOoOO
—Q0 RO OO OO
S RO oo ooo

(i) Show that the set F'
(ii) Show that

—~

A) lies on the real axis.

|z* Az| < o + 16.

Problem 24. Let A be an n x n matrix over C and F'(A) the field of
values. Let U be an n X n unitary matrix.

(i) Show that F(U*AU) = F(A).

(ii) Apply the theorem to the two matrices

0 1 10
a=(Vo) = 5)
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which are unitarily equivalent.

Problem 25. Can one find a unitary matrix U such that

«(0 ¢ . 0 ce'?
v (d 0>U_(de_“9 0 )
where c,d € Cand § e R ?

Problem 26. Consider a symmetric matrix A over R

aj;p G2 a3 ai4
A= a1z Aa22 G23 (24
a13 Q23 a3z 0a34
A14 Q24 Q34 (44

and the orthonormal basis (so-called Bell basis)

1 1
oo 1o
vilol] Vil o

1 —1

<

|
S

S )

<«

|
S

L

The Bell basis forms an orthonormal basis in R4, Let A denote the matrix
A in the Bell basis. What is the condition on the entries a;; such that the
matrix A is diagonal in the Bell basis?

Problem 27. A Hadamard matriz is an n X n matrix H with entries
in { —1,+1} such that any two distinct rows or columns of H have inner
product 0. Construct a 4 x 4 Hadamard matrix starting from the column
vector

x;=(11117%

Problem 28. A binary Hadamard matriz is an n X n matrix M (where n
is even) with entries in {0, 1} such that any two distinct rows or columns
of M have Hamming distance n/2. The Hamming distance between two
vectors is the number of entries at which they differ. Find a 4 x 4 binary
Hadamard matrix.
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T

Problem 29. Let x be a normalized column vector in R", i.e. x' x = 1.

A matrix T is called a Householder matriz if
T:=1, —2xx".
Calculate T2.
Problem 30. An n x n matrix P is a projection matriz if
P* =P, P?2=P

(i) Let P, and P» be projection matrices. Is P; + P» a projection matrix?
(ii) Let P, and P be projection matrices. Is P; Py a projection matrix?
(iii) Let P be a projection matrix. Is I, — P a projection matrix? Calculate

P(I, — P).
(iv) Is
1 111
P = 3 1 1 1
1 1 1
a projection matrix?
Problem 31. Assume that
A=A +iA,

is a nonsingular n x n matrix, where A; and A, are real n X n matrices.
Assume that A; is also nonsingular. Find the inverse of A using the inverse
of A1 .

Problem 32. Let A and B be n x n matrices over R. Assume that
A+# B, A3 = B? and A2B = B?A. Is A? + B? invertible?

Problem 33. Let A be a positive definite n x n matrix over R. Let x € R.
Show that A + xx” is also positive definite.

Problem 34. Let A, B be n x n matrices over C. The matrix A is called
stmilar to the matrix B if there is an n X n invertible matrix S such that

A=S"1BS.

If A is similar to B, then B is also similar to A, since B = SAS™!.
(i) Consider the two matrices

() ()
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Are the matrices similar?
(ii) Consider the two matrices

1 0 0 1
C_<O —1)’ D_<1 O)'
Are the matrices similar?

Problem 35. Normalize the vector in R?
1 + sin(a)
v = _ .
1 —sin(«)
Then find a normalized vector in R? which is orthonormal to this vector.

Problem 36. Let A be an n x n matrix over C with A3 = A. Assume
that A is invertible.

(i) Show that A=! = A.

(ii) Show that (A + I,)(A — I,) = 0,.

(iii) Show that rank(A) = tr(A?).

Problem 37. Let A be an n x n matrix over C. Show that
tr(A*A) =0

implies that A = 0,,.

Problem 38. Let C the (cyclic) 4 x 4 permutation matrix

= o O O
SO O
o o = O
o R OO

and J be the counter diagonal identity matrix. Show that

r (0 1 0 1
cJc _<1 0>@<1 0)
where @ is the direct sum and CT = C—1.

Problem 39. Let o € R. Consider the matrices

1+« « o 1 0 0
K(a)= a l+a « , S=|-1 1 0
a « 1+« 0o -1 1
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Find STKS.
Problem 40. Let v € C" (column vector) and v # 0. Is
1
II=1,— —v®vx
v*v
a projection matrix?

Problem 41. Find all 3 x 3 invertible matrices A over R such that



Chapter 2

Linear Equations

Problem 1. Let

Find the solutions of the system of linear equations Ax = b.

() ()

where @ € R. What is the condition on « so that there is a solution of the
equation Ax = b?

Problem 2. Let

Problem 3. (i) Find all solutions of the system of linear equations
cos(f) —sin(6) z1\ _ (™1
(— sin(f) — cos(9) zo ) N\ )’ bR
(ii) What type of equation is this?

Problem 4. Let A € R™*" and x,b € R". Consider the linear equation
Ax = b. Show that it can be written as x = T'x, i.e., find Tx.

Problem 5. If the system of linear equations Ax = b admits no solution
we call the equations inconsistent. If there is a solution, the equations are

9
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called consistent. Let Ax = b be a system of m linear equations in n
unknowns and suppose that the rank of A is m. Show that in this case
Ax = b is consistent.

Problem 6. Consider the overdetermined linear system Ax = b. Find
an X such that

| 4% ~ blly = min | Ax — bil> = min [r(x)]

with the residual vector r(x) := b — Ax and || .||2 denotes the Euclidean
norm.

Problem 7. Show that solving the system of nonlinear equations with
the unknowns x1, 2, x3, T4

x1 — 1) 4 (22 — 2)% + 22 = a?
vy —2)2 + a5+ (3 —2)°=a?

(
(

leads to a linear underdetermined system. Solve this system with respect
to x1, x2 and x3.

Problem 8. Let A be an m x n matrix over R. We define
Ny ={xeR" : Ax=0}.
N4 is called the kernel of A and
v(A) :=dim(Ny)

is called the nullity of A. If N 4 only contains the zero vector, then v(A) = 0.

(i) Let
A= <; —21 31)'

Find N4 and v(A).

(ii) Let
2 -1 3
A=14 -2 6
-6 3 -9

Find N4 and v(A).
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Problem 9. (i) Let 1,292,235 € Z. Find all solutions of the system of
linear equations

Tx1 + d5xo — b3 =8
171’1 + 10%2 — 15$3 = —42.

(ii) Find all positive solutions.



Chapter 3

Determinants and Traces

Problem 1. Consider the 2 x 2 matrix

0 1
(1),
Can we find an invertible 2 x 2 matrix Q such that Q' AQ is a diagonal

matrix?

Problem 2. Let A be a 2 x 2 matrix over R. Assume that tr(A) = 0 and
tr(A?) = 0. Can we conclude that A is the 2 x 2 zero matrix?

Problem 3. For an integer n > 3, let 6 := 27 /n. Find the determinant
of the n x n matrix A + I,,, where I,, is the n x n identity matrix and the
matrix A = (a;x) has the entries aj, = cos(j0+k0) for all j,k=1,2,...,n.

Problem 4. Let a, 3, 7, § be real numbers.
(i) Is the matrix

U _ gie e~W/2 0 cos(y/2) —sin(y/2)\ (e /% 0
N 0 e?8/2 sin(v/2)  cos(v/2) 0 /2
unitary?
(ii) What the determinant of U?

Problem 5. Let A and B be two n x n matrices over C. If there exists
a non-singular n x n matrix X such that

A=XBX!

12
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then A and B are said to be similar matrices. Show that the spectra
(eigenvalues) of two similar matrices are equal.

Problem 6. Let U be the n x n unitary matrix

010 ... 0
001 ... 0
U=
0 0 0 ... 1
100 ... 0

and V be the n x n unitary diagonal matrix (¢ € C)

10 0 ... 0
0¢ 0 ... 0
ve—|0o0 ¢ ... o0
00 0 .. (!

where (" = 1. Then the set of matrices
{UVF : jk=0,1,2,....n—1}

provide a basis in the Hilbert space for all n x n matrices with the scalar
product

(A,B) = %tr(AB*)

for n x n matrices A and B. Write down the basis for n = 2.

Problem 7. Let A and B be n x n matrices over C. Show that the
matrices AB and BA have the same set of eigenvalues.

Problem 8. An n x n circulant matriz C is given by

Co C1 Cy ... Cp-1
Cn—1 Co C1 ... Cp_2
C:=]|¢-2 Ch-1 Co ... Cp-3
C1 Co Cc3 ... Co
For example, the matrix
01 0 0
0 0 1 0
P .= Lo
0 0 1
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is a circulant matrix. It is also called the n x n primary permutation matriz.
(i) Let C and P be the matrices given above. Let

fA) =co+ar+---+ Cnog AL

Show that C' = f(P).
(ii) Show that C' is a normal matriz, that is, C*C = CC*.
(iii) Show that the eigenvalues of C are f(w*), k =0,1,...,n — 1, where w
is the nth primitive root of unity.
(iv) Show that
det(C) = f(W°) f(w') - flw" ).
(v) Show that F*CF is a diagonal matrix, where F' is the unitary matrix
with (j, k)-entry equal to
iw(f*”(’“*l), jk=1,...,n.

vn

Problem 9. Let A be an n X n matrix over R and J be the n x n matrix
with 1’s on the counter diagonal and 0’ otherwise. Assume that

tr(A) =0,  tr(JA) =0.

What can be said about the eigenvalues of A?

Problem 10. An n x n matrix A is called reducible if there is a permu-

tation matrix P such that
T (B C
PY AP = ( 0 D

where B and D are square matrices of order at least 1. An n X n matrix
A is called irreducible if it is not reducible. Show that the n x n primary
permutation matrix

01 0 . 0
0 0 1 . 0
A= :
0 0 O 1
1 00 0

is irreducible.

Problem 11. Let A be an n X n invertible matrix over C. Assume that
A can be written as A = B + ¢B where B has only real coefficients. Show
that B! exists and

Al = %(B*1 —iB™h).
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Problem 12. Let A be an invertible matrix. Assume that A = A~1L.
What are the possible values for det(A)?

Problem 13. Let A be a skew-symmetric matrix over R, i.e. AT = -4
and of order 2n — 1. Show that det(A4) = 0.

Problem 14. Show that if A is hermitian, i.e. A* = A then det(A) is a
real number.

Problem 15. Let A, B are 2 x 2 matrices over R. Let H := A + iB.
Express det H as a sum of determinants.

Problem 16. Let A, B are 2 x 2 matrices over R. Let H := A + iB.
Assume that H is hermitian. Show that

det(H) = det(A) — det(B).

Problem 17. Let A, B, C, D be n xn matrices. Assume that DC = CD,
i.e. C and D commute and det D # 0. Consider the (2n) x (2n) matrix

A B
M= <C D) '
Show that
det(M) = det(AD — BC). (1)
We know that
U o,

det (X v > = det(U) det(Y) (2)
and

det < OU ¥> — det(U) det(Y) 3)

where U, V, X, Y are n x n matrices and 0,, is the n X n zero matrix.
Problem 18. Let A, B be n x n matrices. We have the identity

A B
det <B A) = det(A + B)det(A — B).

Use this identity to calculate the determinant of the left-hand side using
the right-hand side, where

(1) ()



16  Problems and Solutions

Problem 19. Let A, B, C, D be n X n matrices. Assume that D is
invertible. Consider the (2n) x (2n) matrix

w2 3)

det(M) = det(AD — BD™'CD). (1)

Show that

Problem 20. Let A, B be nxn positive definite (and therefore hermitian)
matrices. Show that
tr(AB) > 0.

Problem 21. Let Py(z) =1, Pi(z) = a3 — z and
Py(x) = (kg — ) Py—1(2) — Be—1Pr—2(2), k=23,...

where (3;, j = 1,2,... are positive numbers. Find a k x k matrix Ay such
that
Pk(IC) = det(Ak)

Problem 22. Let A, S be n X n matrices. Assume that S is invertible

and assume that
ST1AS = pS

where p # 0. Show that A is invertible.

Problem 23. The determinant of an n x n circulant matriz is given by

ay az ag ... (07
an a1 a2 ... Qp-—1 n—1 n
det| 1 oo =D (Z C”“c%) (1)
as Qa4 a5 ... ao J=0 \k=1
as as Qa4 ... aq

where ¢ := exp(27mi/n). Find the determinant of the circulant n x n matrix

1 4 9 .. n?
n? 1 4 ... (n—-1)7?
9 16 25 ... 4
4 9 16 ... 1

using equation (1).
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Problem 24. Let A be a nonzero 2 x 2 matrix over R. Let By, Bs, Bs,
By be 2 x 2 matrices over R and assume that

det(A + B;) = det(A) + det(B;) for 7=1,2,3,4.

Show that there exist real numbers ¢y, ca, 3, ¢4, not all zero, such that

ClBl + CQBQ + 6333 + C4B4 = (8 8) . (1)

Problem 25. Let A, B be n X n matrices. Show that

tr((A + B)(A — B)) = tr(A2) — tx(B2). (1)

Problem 26. An n x n matrix @Q is orthogonal if ) is real and
QTQ=Q"Q=1,
ie. Q71 =QT.

(i) Find the determinant of an orthogonal matrix.

(ii) Let u, v be two vectors in R3 and u x v denotes the vector product of
u and v

U2V3 — U3V2
uxv:= U3v1 — U1V3
U1V2 — U2V1

Let @ be a 3 x 3 orthogonal matrix. Calculate

(Qu) x (Qv).

Problem 27. Calculate the determinant of the n x n matrix

= O
_ O = =

N

1
1
1
1

R, e
O R =

—
—_
—_ ..
—
—_
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Problem 28. Find the determinant of the matrix

01 1 1 11
101 1 11
1101 11
A=|1 11 0 11
1111 ...0 1
1111 ...10

Problem 29. Let A be a 2 x 2 matrix over R

with det(A) # 0. Is (AT)~1 = (A-1)T?

Problem 30. Let A be an invertible n x n matrix. Let ¢ = 2. Can we
find an invertible matrix S such that

SAS™! = cA.

Problem 31. Let o; (j = 1,2,3) be one of the Pauli spin matrices. Let
M be an 2 x 2 matrix such that M*o;M = o;. Show that det(MM*) = 1.

Problem 32. Let A be a 2 x 2 skew-symmetric matrix over R. Then
det(I; — A) = 1+det(A) > 1. Can we conclude for a 3 x 3 skew-symmetric
matrix B over R that

det(l3 + A) =1+ det(A)?

Problem 33. Consider the symmetric 4 x 4 matrices

1 0 0 1 0000
1{o 0 0 0 1o 110
A_*oooo 3_50110
100 1 0000

with trace equal to 1. Find the determinant of A and B. Find the rank of
A and B. Can one find a permutation matrix P such that PAPT = B?

Problem 34. Find all 2 x 2 matrices over C such that

tr(A2) = (tr(A))%
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Problem 35. Let n > 2 and A be an n x n over C. The determinant of
A can be calculated utilizing the traces of A, A%, ..., A" as

n FAL)) ke
det(4) = )~ H(—l)’“”li(tk(;g;l)

where the sum runs over the sets of nonnegative integers (k1, ..., k,) sat-
isfying the linear Diophatine equation

i fkg =n.
(=1

(i) Apply it to a 2 x 2 matrix A.
(ii) Give an implementation with SymbolicC++.

Problem 36. Consider the n-dimensional Euclidean space E™. The
equation of a hyperplane passing through the points p1, p2, ..., pn € E"

is given by
X P1 P2 " Pn

(i) Consider n = 2 and p; = (0 0)", p, = (1 1). Find the line in the
plane.
(i) Let n=3andp; =(0 0 0)",pa=(1 0 1),ps=(0 1 1).

Problem 37. Let M be an n xn matrix over C. The M can be written as
M = XY =YX for some n x n matrices X and Y if and only if tr(M) = 0.

Problem 38. For the vector space of all n x n matrices over R we can
introduce the scalar product

(A, B) := tr(ABT)

where T denotes the transpose and tr denotes the trace. This implies a
norm || A[|? = tr(AAT). Let € € R. Consider the 3 x 3 matrix
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Problem 39. Let o € R. Consider the matrix

Ala) = (cos(a) — sin(a) ) .

sin(a)  cos(a)
Then det(A(a)) = 1. Find
det(dA(a)/da), det(d>A(a)/da?), det(d®A(a)/da?), det(d*A(a)/da’).

Discuss.

Problem 40. Consider the 2 x 2 matrix

_ f11(fﬂ) f12($)
A(x)_<f21($) f22($)>

with fjr : R — R are smooth functions. Find the conditions on the func-

tions f;; such that
B dA(x)
det(A(x)) = det ( In ) .

Problem 41. The rule of Sarrus (we call it Sarrus map later) can be
applied to find the determinant of 2 x 2 matrices and 3 x 3 matrices. For
4 x 4 matrices and higher dimensional matrices the Sarrus map does not
provide the determinant of the given matrix. Find the condition on 4 x 4
matrix A such that

det(A) = S(A)

where S is the Sarrus map. Assume that det(A) # 0. Can we conclude
that S(A) # 07 Assume that S(A) # 0. Can we conclude that det(A) # 07

Problem 42. Given a triangle embedded into the three-dimensional Eu-
clidean space R? with vertices

Zo x1 T2
PB=1lyw |, Pi=|wn], P=1|w
20 21 22

Then the area of the triangle can be calculated from
1
S I(Pr = Po) x (P2 — Po)|

where x denotes the vector product. The other option is

2 2

1 ro yo 1 Yo 2o 1 Z0 w1

5 det | z1 91 1 + |det| y1 2 1 +|det| z z1 1
z2 y2 1 Y2 22 1 2z w1
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Give a C++ implementation and apply it to

1 0 0
Py = 0], Pi= 1], P= 0
0 0 1

Problem 43. Consider the Lie group GL(2,R) and V € R**2 ie. V is
a 2 X 2 matrix over R.Let ¢ € GL(2,R. Show that the derivative of the
function f = det : R?*2 — R is given by

df(9)V = det(g)tr(g—'V). (1)

g = 1 922 —g12
det(g) \ =921 g2z )~

Note that




Chapter 4

Eigenvalues and
Eigenvectors

Problem 1. (i) Find the eigenvalues and normalized eigenvectors of the
rotational matrix

- (i, o)

(ii) Are the eigenvectors orthogonal to each other?

Problem 2. (i) Ann xn matrix A such that A2 = A is called idempotent.
What can be said about the eigenvalues of such a matrix?

(ii) An n X n matrix A for which AP = 0,,, where p is a positive integer, is
called nilpotent. What can be said about the eigenvalues of such a matrix?

(iii) An n x n matrix A such that A% = I, is called involutory. What can
be said about the eigenvalues of such a matrix?

Problem 3. Let x be a nonzero column vector in R”. Then xx7 is an

n x n matrix and x7x is a real number. Show that x” x is an eigenvalue of
xxT and x is the corresponding eigenvector.

Problem 4. Let A be an nxn matrix over C. Show that the eigenvectors
corresponding to distinct eigenvalues are linearly independent.

22
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Problem 5. Let A be an n x n matrix over C. The spectral radius of the
matrix A is the non-negative number defined by

p(A) = max{ |\;(A)] : 1<) <n}
where \;(A) are the eigenvalues of A. We define the norm of A as

14} = sup [ Ax]]

lIxll=
where ||Ax| denotes the Euclidean norm of the vector Ax. Show that

p(A) < [|A]l.

Problem 6. Let A be an n x n hermitian matrix, i.e., A = A*. Assume
that all n eigenvalues are different. Then the normalized eigenvectors { v; :
j=1,2,...,n} form an orthonormal basis in C". Consider

B = (Ax — ux, Ax — vx) = (Ax — pux)*(Ax — vx)

where (, ) denotes the scalar product in C" and p, v are real constants with
u < v. Show that if no eigenvalue lies between p and v, then g > 0.

Problem 7. Let A = (a;x) be a normal nonsymmetric 3 x 3 matrix over
the real numbers. Show that

a1 23 — @32
a=|az | = | as —ais
as Q12 — G21

is an eigenvector of A.

Problem 8. Let A1, A2 and A3 be the eigenvalues of the matrix

2
A= 1
1

N OO
N O =

Find A? + A3 + A2 without calculating the eigenvalues of A or A2.

Problem 9. Find all solutions of the linear equation

cos(f) —sin(9) _
(— sin(9) — cos(@)) =% fer (1)

with the condition that x € R? and x”x = 1, i.e., the vector x must be
normalized. What type of equation is (1)?
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Problem 10. (i) Use the method given above to calculate exp(iK), where
the hermitian 2 x 2 matrix K is given by

K:(a b), a,ceR, beC.
b c

(i) Find the condition on a, b and ¢ such that
oK _ 1 /11
NACEEYA

Problem 11. Let A be a normal matrix over C, i.e. A*A = AA*. Show
that if x is an eigenvector of A with eigenvalue A, then x is an eigenvector
of A* with eigenvalue .

Problem 12. Show that an n x n matrix A is singular if and only if at
least one eigenvalue is 0.

Problem 13. Let A be an invertible n x n matrix. Show that if x is an
eigenvector of A with eigenvalue A, then x is an eigenvector of A~! with
eigenvalue A7 1.

Problem 14. Let A be an n X n matrix over R. Show that A and AT
have the same eigenvalues.

Problem 15. Let A be an n X n matrix. An n X n matrix can have at
most n linearly independent eigenvectors. Now assume that A has n + 1
eigenvectors (at least one must be linearly dependent) such that any n of
them are linearly independent. Show that A is a scalar multiple of the
identity matrix I,,.

Problem 16. Let A be an n X n matrix over C. Assume that A is
hermitian and unitary. What can be said about the eigenvalues of A?

Problem 17. Consider the (n + 1) x (n + 1) matrix

0 s*
A= (I‘ 0n><n>

where r and s are n x 1 vectors with complex entries, s* denoting the
conjugate transpose of s. Find det(B — Al,41), i.e. find the characteristic
polynomial.
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Problem 18. Let H, Hy, V be n x n matrices over C and H = Hy + V.
Let 2z € C and assume that z is chosen so that (Ho—z1,,) ! and (H —z1I,,) 7!
exist. Show that

(H — 21,)"' = (Hy — 2I,,) " — (Hy — 2L,,) 'V(H — 2I,) "

This is called the second resolvent identity.

Problem 19. Let u be a nonzero column vector in R™. Consider the
n X n matrix

T

A=uu” —u"ul,.

Is u an eigenvector of this matrix? If so what is the eigenvalue?

Problem 20. Let A = (a;x) be a 3 x 3 matrix Find the conditions on
the entries of A such that

0
=0

1
A{0] =0
1 0

—_ O =

We have an eigenvalue problem with eigenvalue 0.

Problem 21. An n x n matrix A is called a Hadamard matriz if each
entry of A is 1 or —1 and if the rows or columns of A are orthogonal, i.e.,

AAT =nl, or ATA=nl,.

Note that AAT = nl, and AT A = nlI,, are equivalent. Hadamard matrices
H,, of order 2" can be generated recursively by defining

_ 1 1 _ Hn—l Hn—l
Hi= (1 —1) = (Hnl - n1>
for n > 2. Show that the eigenvalues of H,, are given by +2"/2 and —2"/2
each of multiplicity 2771,

Problem 22. Let U be an n x n unitary matrix. Then U can be written

as
U = Vdiag(A, Ao, ..., Ap)V*

where A1, Ao, ..., A\, are the eigenvalues of U and V is an n X n unitary

matrix. Let
0 1
(10,

Find the decomposition for U given above.



26  Problems and Solutions

Problem 23. An n x n matrix A over the complex numbers is called
positive semidefinite (written as A > 0), if

x*Ax >0 forall x e C".

Show that for every A > 0, there exists a unique B > 0 so that B2 = A.

Problem 24. An n x n matrix A over the complex numbers is said to
be normal if it commutes with its conjugate transpose A*A = AA*. The
matrix A can be written N
A=Y "\E;
j=1

where \; € C are the eigenvalues of A and E; are n x n matrices satisfying

E!=E;=E;, EEB.=0,if j#k Y Ej=I,.
j=1

(0 1)

Find the decomposition of A given above.

Let

Problem 25. Let A be an n x n matrix over R. Assume that A~ exists.
Let u,v € R", where u, v are considered as column vectors.
(i) Show that if

viA=lu= -1

then A 4+ uv? is not invertible.

(i) Assume that vI'A~lu # —1. Show that
A luvT AT
14+vIiA-tu’

3 2
(1)
and I be the 2 x 2 identity matrix. For j > 1, let d; be the greatest
common divisor of the entries of A7 — I5. Show that

(A+ uvT)_1 =A"!

Problem 26. Let

Jj—oo

Hint. Use the eigenvalues of A and the characteristic polynomial.
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Problem 27. (i) Consider the polynomial
p(z) =2® —sz+d, s,deC.

Find a 2 x 2 matrix A such that its characteristic polynomial is p.
(ii) Consider the polynomial

q(z) = -2+ s2®> — gz +d, s,q,deC.

Find a 3 x 3 matrix B such that its characteristic polynomial is g.

Problem 28. Calculate the eigenvalues of the 4 x 4 matrix

_ o O =

0 1
1 1 0
1 0
0

by calculating the eigenvalues of A2.

Problem 29. Find all 4 x 4 permutation matrices with the eigenvalues
+1, =1, 44, —i.

Problem 30. Let A be an n x n matrix over R. Let J be the n x n
matrix with 1’s in the counter diagonal and 0’s otherwise. Assume that

tr(A) =0, tr(JA) = 0.
What can be said about the eigenvalues of such a matrix?

Problem 31. Let a,3,7 € R. Find the eigenvalues and normalized
eigenvectors of the 4 x 4 matrix

0) cos(a) cos(B) cos(y)

(a
cos(f3)
cos()

Problem 32. Let a € R. Find the eigenvalues and eigenvectors of the
4 X 4 matrix

cosh(a) 0 0 sinh(w)
0 11 0
0 11 0
sinh(a) 0 0 cosh(a)
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Problem 33. Consider the nonnormal matrix
1 2
- (12)

The eigenvalues are 1 and 2. Find the normalized eigenvectors of A and
show that they are linearly independent, but not orthonormal.

Problem 34. Find the eigenvalues of the matrices

11000
110 (1)(1)(1)8 00100
Ay=10 0 1), A=y 0o 1| 4=]00010
100 Lo 0o 0000 1
10000

Extend to n dimensions.

Problem 35. Lett z,y € R. Find the eigenvalues and eigenvectors of the
matrix

Tty 21 k)
M = Z1 —r+y 23
22 Z3 —2y

with trace equal to 0.

Problem 36. Let A, B be hermitian matrices. Consider the eigenvalue
problem
AVj:AjBVj, jil,,’fl

Expanding the eigenvector v; with respect to an orthonormal basis e, es,

ce., €p, e,
n
V= E Ckj€k.
k=1
Show that

n n
ZAzkckj:)‘jZBfkckﬁ f=1,....n
k=1 k=1

where Ay := e Aej, By = e} Bey.

Problem 37. Find the eigenvalues and normalized eigenvectors of the
4 x 4 matrix

1100
0 1 10
A_0011
0 0 01
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Problem 38. Let M be a normal matrix with the eigenvalues Ay = +1
and Ao = —1 with the corresponding normalized eigenvectors

1( 1+m@wﬁ) 1( 1—mwwﬂ)'

V2 1 —sin(f)e /2 V2= 1+ sin(f)e"¢/2

V2

Find viva. Reconstruct the matrix M from A1, vi, Ag, va.

V1 =

Problem 39. Let H be a hermitian nxn matrix. Consider the eigenvalue
problem Hv = Av.

(i) Find the eigenvalues of H +il,, and H — iI,,.

(ii) Since H is hermitian, the matrices H + iI,, and H — il,, are invertible.
Find (H +il,)v. Find (H —il,)(H +il,,)~v. Discuss.

Problem 40. The matrix
_ [ cos(a) —sin(a)
Ale) = (sin(a) cos(a) )

admits the eigenvalues A\, = €'® and A_ = e~'@ with the corresponding

normalized eigenvectors

w5 0) 50)

The star product A(a) x A(«) is given by

cos(a) 0 0 —sin(a)
Ala 0 cos(a) —sin(a) 0
0 sin(a)  cos(a) 0
sin(a) 0 0 cos(a)

Find the eigenvalues and normalized eigenvectors of A(a) * A(«).

Problem 41. Let z1, 22,23 € R. Find the eigenvalues of the 2 x 2 matrix
T3 T + 129
1 — i.’L‘g —XI3 ’

Problem 42. The Cartan matrix for the Lie algebra g, is given by

A:(% j).

Is the matrix nonnormal? Show that the matrix is invertible. Find the
inverse. Find the eigenvalues and normalized eigenvectors of A.
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Problem 43. Consider the matrices

111

<1;>, 12 3

13 6
1111
12 3 4
13 6 10
14 10 20

Find the eigenvalues.

Problem 44. (i) Let ¢ > 0. Find the eigenvalues of the matrix

< cos(x/f) Esin(x/ﬁ))
—(1/0)sin(x/¢) cos(xz/l) ) -

(ii) Let £ > 0. Find the eigenvalues of the matrix

( cosh(z/f) £sinh(z/¢) )
(1/€) sinh(z/€)  cos(z/€) |~

Problem 45. Let a,b,c,d,e € R. Find the eigenvalues of the 4 x 4 matrix

QL O TR
o0 O
oo 0
S O O Qa

Problem 46. Find the eigenvalues and eigenvectors of the 4 x 4 matrix

1o 1 0
L o1 0 1
V21 0 -1 0
01 0 -1

Is the matrix unitary?

Problem 47. Let H be a hermitian matrix with the (real) eigenvalues
A1, -, Ap. What can be said about the eigenvalues of H + iH?

Problem 48. Consider the 2 x 2 matrix over R

1/3 1
A_4(13>
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Find the eigenvalues and normalized eigenvectors of A. Find A2, A3, A™.
Find
lim A"

applying the spectral theorem.

Problem 49. Find the eigenvalues and eigenvectors of the staircase ma-
trices

0 0 0 1
0 1 8 (1) 1 0 0 1 1
1 1)’ 11 1 ’ 01 1 1
1 1 11
Extend to n-dimensions.
Problem 50. Consider the 3 x 3 matrix
V3eim/4 /2 0 1
A= 0 i eim/24 /2
1 6i7r/24/2 ieiﬂ/lQ

The matrix is not hermitian, but A = A”. Find H = AA* and the eigen-
values of H.

Problem 51. Let «,3 € R. Find the eigenvalues and normalized eigen-
vectors of the 3 x 3 matrix

a+p 0 a
0 a+p 0
« 0 a+pf

Problem 52. Let x1,2z5 € R. Show that the eigenvalues of the 2 x 2
matrix

1+ x% —T1T9

—T1xy —X1To 1+ x%

are given by A\ = 1 + 2% + 23 and A\ = 1. What curve in the plane is
described by
2 _
det I+ay —oz , | =0?
—x1x2 —T1T2 1423

Problem 53. Consider the skew-symmetric 3 x 3 matrix over R

0 —as a9
as 0 —aq
—a9 a1 0

A
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where a1, a2,a3 € R. Find the eigenvalues of A. Let 03 be the 3 x 3 zero
matrix and Ay, As, Az be 3 x 3 skew-symmetric matrices over R. Find the
eigenvalues of the 9 x 9 matrices

03 —As A
B = As 03 —A
—Ay A 03

Problem 54. Find the inverse matrices of

1 o 0 1 a1 0 0
0 1 (6%) 0

0 1 (65) s

0 0 1 0 0 1 Q3
0 0 0 1

Extend to n-dimensions.

Problem 55. Let a,b € R. Find the eigenvalues and normalized eigen-
vectors of the 3 x 3 matrix

0 0 —a
M = 0 0 b
—a b 0

Problem 56. Find the eigenvalues of the unitary 2 x 2 matrix
0 1
i

Problem 57. Find the eigenvalues and normalized eigenvectors of the
Hamilton operators given by the hermitian 4 x 4 matrix

H = hwios @ Iy 4+ hwso Iy @ 01 + hwly ® L.

Problem 58. Consider the Hadamard matrix
1 /1 1 1
Uy = ﬁ (1 1> = 5(03 + 01).
Find the spectral representation and apply this result to find a square root
of UH.

Problem 59. Let M be a hermitian 3 x 3 matrix with eigenvalues —\, 0,
A (we assume that A > 0) and vy, va, v are the normalized eigenvectors.
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Thus we have an orthonormal basis and applying the spectral theorem we
have
M = —Aviv] 4+ 0vav] + Avavi = —Aviv] + Avavy.

Calculate M?, M3 and solve the equation M? = M.

Problem 60. Find all 4 x 4 permutation matrices with the eigenvalues
+1, =1, 44, —i.

Problem 61. Let A be an n x n diagonalizable matrix over R with
distinct eigenvalues A;. Show that the matrix (Vandermonde matrix)

)\1 AQ A /\n
)\71171 )\gfl . )\271

is invertible. Apply it to the spin-2 matrix

200 0 O
010 0 O
A=10 0 0 0 O
00 0 -1 0
00 0 0 =2

Problem 62. Let 01, 09, 03 be the Pauli spin matrices and o¢g = I5. Let
w; € R. Find the eigenvalues of

3
S = ijaj K 0j.

=0

Problem 63. Let n > 2 and v be a normalized (column) vector in R™.
Show that
I, +vv*

has an eigenvalue +1.

Problem 64. Show that the matrix

1 -1 2
A=12 -2 1
1 -1 -1
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admits the eigenvalues A; = 0 (multiplicty two) and Ao = —2 with the
corresponding normalized eigenvectors (check)

A R Y R U T

— (1], =[o], —=|-1
velo) v2\1) VB

The eigenvectors are linearly independent. Can one construct an orthonor-
mal basis using Gram-Schmidt.

Problem 65. Let Ay, Ay, A3 be hermitian n x n matrices and
H:A1®A2+A2 XAg

K=A40A +A A3+ A3 A;.

Then H and K are also hermitian matrices. Let Ay be the smallest eigen-
value of H and A\i be the smallest eigenvalue of K. Can we conclude that
A < Ag? Consider first the case with

Ay =01, Ay=o09, A3=o0s.

Problem 66. Let a € R. Find the eigenvalues of

0 e * e @ 0 e* e~
« 0 0 , e
@ 0 0 e“* 0 O

Problem 67. Consider the invertible symmetric 3 x 3 matrix

A:

— = O

11
0 1
1 0

The eigenvalues of A are A\; =2, Ay = —1, A3 = —1 (i.e. the eigenvalue —1
is twice) with the corresponding normalized eigenvectors

1 (1 1 (! 1 (Y

vi=—7|(1], vo=—1] 0 |, vs= 1
BREAY! Toval Va4

The eigenvectors va, vg are linearly independent, but not orthogonal. Ap-
ply Gram-Schmidt to find orthonormal eigenvectors.
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Problem 68. (i) Find the eigenvalues of the 3 x 3 matrix

(ii) Find the eigenvalues of the 3 x 3 matrix

bin bz O
B=1bx 0 by
0 b3z b33

First find the determinant.

Problem 69. Find the determinant and eigenvalues of the 3 x 3 matrices

a1 O 0 0 0 a3 a1 a2 ais
a1 azx 0 |, 0 az a |, a1 azx 0
asy azz ass as1 az2 as3 az;r 0 0
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Commutators and
Anticommutators

Problem 1. Let A, B be n X n matrices. Assume that [A4, B] = 0,, and
[A, B]+ = 0,. What can be said about AB and BA?

Problem 2. Let A and B be symmetric n X n matrices over R. Show
that AB is symmetric if and only if A and B commute.

Problem 3. Let A and B be n x n matrices over C. Show that A and B
commute if and only if A — ¢I,, and B — ¢lI,, commute over every c € C.

Problem 4. Consider the matrices

(0 8) = (0h) - (00)

Find a nonzero 2 x 2 matrices A such that

[A,e] =0,, [A,f]=0,, [A4,h]=0,.

Problem 5. Can one find 2 x 2 matrices A and B such that
[A%, B =0,

while
[A, B] # 0,7

36
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Problem 6. Let A, B, C, D be n x n matrices over R. Assume that
ABT and CDT are symmetric and ADT — BCT = I,,, where 7 denotes
transpose. Show that

ATD - C"B =1,.

Problem 7. Let A, B, H be n x n matrices over C such that
[A, H] = 0y, [B,H] =0,.
Find [[A, B], H].

Problem 8. Let A, B be n x n matrices. Assume that A is invertible.
Assume that [A4, B] = 0,,. Can we conclude that [A~!, B] = 0,7

Problem 9. Let A and B be n X n hermitian matrices. Suppose that
A% =1,, B?2=1, (1)
and
[A,B]y = AB+ BA=0, (2)

where 0,, is the n x n zero matrix. Let x € C™ be normalized, i.e., ||x|| = 1.
Here x is considered as a column vector.
(1) Show that

(x*Ax)? + (x*Bx)? < 1. (3)

(ii) Give an example for the matrices A and B.

Problem 10. Let A and B be n X n hermitian matrices. Suppose that
A% = A, B?*=2B (1)

and
[A,B] = AB+ BA=0, (2)

where 0,, is the n X n zero matrix. Let x € C" be normalized, i.e., ||x|| = 1.
Here x is considered as a column vector. Show that

(x*Ax)? + (x*Bx)? < 1. (3)

Problem 11. Let A, B be skew-hermitian matrices over C, i.e. A* = —A
B* = —B. Is the commutator of A and B again skew-hermitian?

)

Problem 12. Let A, B be n x n matrices over C. Let S be an invertible
n X n matrix over C with

A=S5"1A8, B=S"'BS.
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Show that o
[A, B] = ST'[A, B]S.

Problem 13. Can we find n X n matrices A, B over C such that
[A,B] =1, (1)

where I,, denotes the identity matrix?

Problem 14. Can we find 2 x 2 matrices A and B of the form

(0 ap _ (0 b2
A_<(121 0)’ B_<b21 0)
and singular (i.e. det A =0 and det B = 0) such that [A4, B]; = L.

Problem 15. Let A be an n X n hermitian matrix over C. Assume
that the eigenvalues of A, A1, A2, ..., A, are nondegenerate and that the
normalized eigenvectors v; (7 = 1,2,...,n) of A form an orthonormal basis
in C". Let B be an n X n matrix over C. Assume that [A, B] = 0,, i.e., A
and B commute. Show that

vipBv; =0 for Fk#j. (1)

Problem 16. Let A, B be hermitian n X n matrices. Assume they have
the same set of eigenvectors

Avj=Ajvj, Bvi=pvi, j=12....n

and that the normalized eigenvectors form an orthonormal basis in C™.
Show that

Problem 17. Let A, B be n x n matrices. Then we have the expansion
1
3!

(i) Assume that [A, B] = A. Calculate e Be™*.
(ii) Assume that [A, B] = B. Calculate e Be™4.

eABe = B+ [A,B]+ 5[4 [A. B + A [4,[4 B + -

Problem 18. Let A be an arbitrary n x n matrix over C with tr(A4) = 0.
Show that A can be written as commutator, i.e., there are n X n matrices
X and Y such that A =[X,Y].
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Problem 19. (i) Let A, B be n x n matrices over C with [A, B] = 0,,.
Calculate
[A+ cl,, B+ cl,)

where ¢ € C and I, is the n x n identity matrix.
(ii) Let x be an eigenvector of the n x n matrix A with eigenvalue A. Show
that x is also an eigenvector of A + cI,,, where ¢ € C.

Problem 20. Let A, B, C be n x n matrices. Show that

eB,Cle™ = [e?Be 4, e Ce™ ).

Problem 21. Let M;, My be n x n matrices and Ty, To be m x m
matrices. Show that

1 1
My @ Ty, My ® To] = §[M17M2} ® [T1, To)+ + §[M1,M2]+ ® [T, T»).

Problem 22. Consider the 2 x 2 matrices

o) = () ). o= (<3l ).

Find the commutator [A(¢), B(¢)]. Discuss.
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Decomposition of
Matrices

Problem 1. Find the LU-decomposition of the 3 x 3 matrix

3 6 -9
A= 2 5 -3
-4 1 10

The triangular matrices L and U are not uniquely determined by the matrix
equation A = LU. These two matrices together contain n? 4+ n unknown
elements. Thus when comparing elements on the left- and right-hand side
of A = LU we have n? equations and n? 4+ n unknowns. We require a
further n conditions to uniquely determine the matrices. There are three
additional sets of n conditions that are commonly used. These are Doolit-
tle’s method with £;; =1, j = 1,2,...,n; Choleski’s method with €;; = u;;,
j=1,2,...,n; Crout’s method with u;; =1, j =1,2,...,n. Apply Crout’s
method.

Problem 2. Find the QR-decomposition of the 3 x 3 matrix

A=1-1 0 7

Problem 3. Consider a square non-singular square matrix A over C, i.e.
A~ exists. The polar decomposition theorem states that A can be written

40
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as A = UP, where U is a unitary matrix and P is a hermitian positive
definite matrix. Show that A has a unique polar decomposition.

Problem 4. Let A be an arbitrary m x n matrix over R, i.e., A € R™*™,
Then A can be written as

A=UxvT

where U is an m x m orthogonal matrix, V' is an n X n orthogonal matrix,
Y is an m x n diagonal matrix with nonnegative entries and the superscript
T denotes the transpose. This is called the singular value decomposition.
An algorithm to find the singular value decomposition is as follows.

1) Find the eigenvalues \; (j = 1,2,...,n) of the n x n matrix ATA. Ar-
range the eigenvalues A1, Ao, ..., A, in descending order.

2) Find the number of nonzero eigenvalues of the matrix AT A. We call this
number 7.

3) Find the orthogonal eigenvectors v; of the matrix A7 A corresponding
to the obtained eigenvalues, and arrange them in the same order to form
the column-vectors of the n x n matrix V.

4) Form an m x n diagonal matrix ¥ placing on the leading diagonal of it
the square root ¢; := y/\; of p = min(m, n) first eigenvalues of the matrix
AT A found in 1) in descending order.

5) Find the first r column vectors of the m x m matrix U
! A =1,2
u; = —Av; = Co T
J o; 7 J ) 4y )
6) Add to the matrix U the rest of the m — r vectors using the Gram-

Schmidt orthogonalization process.

We have
. T — v,
Av; = ojuy, A" uj =0,v;
and therefore

T _ 2 T . 2.
AT Av; = ojvy, AA ;= oju;.

Apply the algorithm to the matrix

0.96 1.72
A= (2.28 0.96)'
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Problem 5. Find the singular value decomposition A = ULV of the
matrix (row vector) A= (21 —2).

Problem 6. Any unitary 2™ x 2" matrix U can be decomposed as

U— Uy 0 c S Us 0
N0 U, -5 C 0 Uy
where Uy, Us, Us, Uy are 2771 x 277! unitary matrices and C and S are the
27~1 x 27~1 diagonal matrices

C = diag(cos(ay), cos g, . .., cOS agn /2)

S = diag(sin(aq),sin g, . . ., sin(agn /2))
where a; € R. This decomposition is called cosine-sine decomposition.
Consider the unitary 2 x 2 matrix
0 4
o (0 1),
Show that U can be written as
<u1 0 ) < cos v sina> (Ug 0 )
U= .
0 wuo —sina  cosa 0 wug

where « € R and uy, ug, us, uq € U(1) (i.e., uy, us, us, ug are complex num-
bers with length 1). Find «a, u1, us, ug, ug4.

Problem 7. (i) Find the cosine-sine decomposition of the unitary matrix
0 1
om0 1)

(ii) Use the result from (i) to find a 2 x 2 hermitian matrix K such that
U = exp(iK).

Problem 8. (i) Find the cosine-sine decomposition of the unitary matrix

(Hadamard matrix)
1 1 1
=351 4)

Problem 9. For any n x n matrix A there exists an n x n unitary matrix
(U* = U~1) such that
U*AU =T (1)
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where T' is an n X n matrix in upper triangular form. Equation (1) is called
a Schur decomposition. The diagonal elements of T are the eigenvalues of
A. Note that such a decomposition is not unique. An iterative algorithm
to find a Schur decomposition for an n X n matrix is as follows.

It generates at each step matrices Uy and T (k = 1,2,...,n — 1) with
the properties: each Uy is unitary, and each T} has only zeros below its
main diagonal in its first k columns. 7T,,_; is in upper triangular form, and
U=U,Us;---U,_; is the unitary matrix that transforms A into T,,_;. We
set To = A. The kth step in the iteration is as follows.

Step 1. Denote as Ay the (n —k+ 1) x (n — k4 1) submatrix in the lower
right portion of Tj_.

Step 2. Determine an eigenvalue and the corresponding normalized eigen-
vector for Ayg.

Step 3. Construct a unitary matrix Ny which has as its first column the
normalized eigenvector found in step 2.

Step 4. For k=1, set Uy = Ny, for k > 1, set

_(Iy=1 O
W‘(o NJ
where Ij;_; is the (k — 1) x (k — 1) identity matrix.
Step 5. Calculate T}, = U;Ty_1Uy.

Apply the algorithm to the matrix

A:

— o
S = O
—_ O =

Problem 10. Let A be an n x n matrix over C. Then there exists an
n X n unitary matrix @, such that

Q*AQ=D+N

where D = diag(A1, Ae,...,A,) is the diagonal matrix composed of the
eigenvalues of A and N is a strictly upper triangular matrix (i.e., N has
zero entries on the diagonal). The matrix @ is said to provide a Schur
decomposition of A.

3 8 1 (2 1
=(53) emm(h )

Let
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Show that @ provides a Schur decomposition of A.

Problem 11. We say that a matrix is upper triangular if all their entries
below the main diagonal are 0, and that it is strictly upper triangular if in
addition all the entries on the main diagonal are equal to 1. Any invertible
real n X n matrix A can be written as the product of three real n x n
matrices

A=0ODN

where N is strictly upper triangular, D is diagonal with positive entries, and
O is orthogonal. This is known as the Twasawa decomposition of the matrix
A. The decomposition is unique. In other words, that if A = O'D'N’,
where O’, D' and N’ are orthogonal, diagonal with positive entries and
strictly upper triangular, respectively, then O’ = O, D = D" and N’ = N.
Find the Iwasawa decomposition of the matrix

0 1
a=( 1),
Problem 12. Consider the matrix

u (2 1)

where a, b, c,d € C and ad —bc = 1. Thus M is an element of the Lie group
SL(2,C). The Iwasawa decomposition is given by

a b\ _(a B 7Yoo 1 7
c d) \-8 a 0 §72) 0 1
where a, 3,7 € C and § € RT. Find «, 3,9 and 7.

Problem 13. Let A be a unitary n x n matrix. Let P be an invertible
n x n matrix. Let B := AP. Show that PB~! is unitary.

Problem 14. Show that every 2 x 2 matrix A of determinant 1 is the
product of three elementary matrices. This means that matrix A can be

written as
a1 a2\ _ (1 = 1 0 1 =z (1)
a21 Q22 o 0 1 Yy 1 0 1 ’

Problem 15. Almost any 2 x 2 matrix A can be factored (Gaussian
decomposition) as

a1 a2\ _ (1 « A0 1 0
az1 azx) \O0 1 0 u B8 1)



Decomposition of Matrices 45

Find the decomposition of the matrix
1 1
A_<11)

Problem 16. Let A be an n x n matrix over R. Consider the LU-
decomposition A = LU, where L is a unit lower triangular matrix and
U is an upper triangular matrix. The LDU-decomposition is defined as
A = LDU, where L is unit lower triangular, D is diagonal and U is unit
upper triangular. Let

2 4 =2
A=14 9 =3
-2 =3 7

Find the LDU-decomposition via the LU-decomposition.

Problem 17. Let U be an n X n unitary matrix. The matrix U can
always be diagonalized by a unitary matrix V' such that

et . 0
u=V \%
0 ... ¢n

where e%%, §; € [0,27) are the eigenvalues of U. Let

o (00).

Thus the eigenvalues are 1 and —1. Find the unitary matrix V' such that

0 1 1 0\«
v=(15)=v(y L)
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Functions of Matrices

Problem 1. Let A be an n x n matrix over C with A2 = rA, where r € C
and r # 0.

(i) Calculate 4, where z € C.

(ii) Let U(z) = e*4. Let 2’ € C. Calculate U(2)U(2).

Problem 2. Let A be an n x n matrix over C. We define sin(A) as

" N (=1 2j+1
sin(A) .—; (2j+1)!A +

Can we find a 2 x 2 matrix B over the real numbers R such that

sin(B) = <(1) ‘11)? (1)

Problem 3. Consider the unitary matrix

e

Can we find an o € R such that U = exp(aA), where
0 1
= ?
4 (_1 O) |

Problem 4. Let A be an n x n matrix over C. Assume that A% = cI,,,
where c € R.

46
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(i) Calculate exp(A).
(ii) Apply the result to the 2 x 2 matrix (z # 0)

0 =z
p-(" 3)
Thus B is skew-hermitian, i.e., B = _B.

Problem 5. Let H be a hermitian matrix, i.e., H = H*. It is known
that U := e*¥ is a unitary matrix. Let

H—(“ b), WER, beC
b a

with b # 0.

(i) Calculate e’ using the normalized eigenvectors of H to construct a
unitary matrix V' such that V*HV is a diagonal matrix.

(ii) Specify a, b such that we find the unitary matrix

e

Problem 6. It is known that any nxn unitary matrix U can be written as
U = exp(iK), where K is a hermitian matrix. Assume that det(U) = —1.
What can be said about the trace of K7

Problem 7. The MacLaurin series for arctan(z) is defined as

3 5 7

e 327+1
arctan()—z—z——i—————i— Z :
j=

3 5 2]—|—1

which converges for all complex values of z having absolute value less than
1, i.e., |z] < 1. Let A be an n x n matrix. Thus the series expansion

A3 A5 AT = (—1)7 A%+
arctan(A)fA——Jrffer...ingW

is well-defined for A if all eigenvalues A of A satisfy |A\| < 1. Let

1/1 1
A_Q(l 1)'

Does arctan(A) exist?
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Problem 8. For every positive definite matrix A, there is a unique posi-
tive definite matrix @ such that Q? = A. The matrix Q is called the square
root of A. Can we find the square root of the matrix

1(5 3
— ?
b 2(3 5)'

Problem 9. Let A, B be n X n matrices over C. Assume that

[A,[A, B]] = [B, [A, B]] = 0. (1)

Show that
€A+B _ 6AeBe—%[A,B] (20,)
eA+B _ B A +5[AB] (2b)

Use the technique of parameter differentiation, i.e. consider the matrix-
valued function

f(e) := e

where € is a real parameter. Then take the derivative of f with respect to
€.

Problem 10. Let

0 1 _ 0 0
JJF::<0 0), J ::<1 0), J3 =

(i) Let € € R. Find

N —

+ - -
eeJ , eeJ , ee(J +J )

(ii) Let r € R. Show that

- - : +
er(J +J )Ee‘] tanh(r)62J3ln(cosh(?"))eJ tanh(r).

Problem 11. Let A, B, Co, ..., Cp,, ... be n X n matrices over C. The
Zassenhaus formula is given by

exp(A + B) = exp(A) exp(B) exp(Cs) - - - exp(Chy,) - - -

The left-hand side is called the disentangled form and the right-hand side
is called the undisentangled form. Find Cs, Cs, ..., using the comparison
method. In the comparison method the disentangled and undisentangled
forms are expanded in terms of an ordering scalar o and matrix coefficients
of equal powers of o are compared. From

exp(a(A + B)) = exp(ad) exp(aB) exp(a’Cy) exp(a®Cs) - - -
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we obtain
S Oék A > aro+r1+2r2+3r3+...
W(A+B) - Z s Vo el ATB" G Cs?
! rolrilralrs!. .-
k=0 T0,71,72,73,...=0 01203

(l) Find CQ and 03.
(ii) Assume that [A,[A, B]] = 0,, and [B,[A4, B]] = 0,. What conclusion
can we draw for the Zassenhaus formula?

Problem 12. Calculating exp(A) we can also use the Cayley-Hamilton
theorem and the Putzer method. The Putzer method is as follows. Using
the Cayley-Hamilton theorem we can write

fA) = a1 A"+ an 2 A" P 4t ag AP+ At agl, (1)

where the complex numbers ag, a1, ..., a,_1 are determined as follows:
Let
r(A) = A A" Vb ap o2 N2 ) +ag

which is the right-hand side of (1) with A7 replaced by M (j =0,1,...,n—
1). For each distinct eigenvalue \; of the matrix A, we consider the equation

) =r(). (2)

If A; is an eigenvalue of multiplicity &, for k£ > 1, then we consider also the
following equations

'O\ — (A (k—l)A‘ = =D\ :
f( )|)\:>\j T( )|)\:)\j7 ’f ( >>\:>\j r ( ))\:AJ

Calculate exp(A) with

with the Putzer method.

Problem 13. Any unitary matrix U can be written as U = exp(iK),
where K is hermitian. Apply the method of the previous problem to find
K for the Hadamard matrix

1 /1 1
=71 4)
Problem 14. Let A, B be n X n matrices and ¢t € R. Show that

t2
et ATE) _ tAptE — §(BA — AB) + higher order terms in ¢t. (1)
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Problem 15. Let K be an n x n hermitian matrix. Show that
U :=exp(iK)

is a unitary matrix.

Problem 16. Let

Calculate det e?.

Problem 17. Let A be an n x n matrix over C. Assume that A% = cI,,,
where ¢ € R. Calculate exp(A).

Problem 18. Let A be an n x n matrix with 43> = —A4 and u € R.
Calculate exp(uA).

Problem 19. Let X be an n x n matrix over C. Assume that X2 = I,,.
Let Y be an arbitrary n x n matrix over C. Let z € C.

(i) Calculate exp(zX)Y exp(—2zX) using the Baker-Campbell-Hausdor(f re-
lation

XY N =Y X Y]+ X X Y]] XX XY

(ii) Calculate exp(zX)Y exp(—zX) by first calculating exp(2X) and exp(—zX)
and then doing the matrix multiplication. Compare the two methods.

Problem 20. We consider the principal logarithm of a matrix A € C**"™
with no eigenvalues on R~ (the closed negative real axis). This logarithm
is denoted by log A and is the unique matrix B such that exp(B) = A and
the eigenvalues of B have imaginary parts lying strictly between —m and
. For A € C"*" with no eigenvalues on R~ we have the following integral
representation

log(s(A—1I,) + I,) = / (A—1,)(t(A - I,,) + I,) " 'dt.
0
Thus with s = 1 we obtain
1
log A = / (A—1,)(t(A - I,)+ I,) " tdt
0

where I, is the n x n identity matrix. Let A = x1I,, with x a positive real
number. Calculate log A.
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Problem 21. Let A be areal or complex n X n matrix with no eigenvalues
on R~ (the closed negative real axis). Then there exists a unique matrix
X such that

HeX=A4

2) the eigenvalues of X lie in the strip { z : —7 < §(z) < 7 }. We refer to
X as the principal logarithm of A and write X = log A. Similarly, there is
a unique matrix S such that

1) S2=4

2) the eigenvalues of S lie in the open halfplane: 0 < R(z). We refer to S
as the principal square root of A and write S = A'/2.

If the matrix A is real then its principal logarithm and principal square
root are also real.

The open halfplane associated with z = pe®® is the set of complex numbers
w = (e'® such that —7/2 < ¢ — 0 < /2.

Suppose that A = BC has no eigenvalues on R~ and

1. BC=CB

2. every eigenvalue of B lies in the open halfplane of the corresponding
eigenvalue of A'/? (or, equivalently, the same condition holds for C').

Show that log(A) = log(B) + log(C).

Problem 22. Let K be a hermitian matrix. Then U := exp(iK) is a
unitary matrix. A method to find the hermitian matrix K from the unitary
matrix U is to consider the principal logarithm of a matrix A € C"*" with
no eigenvalues on R~ (the closed negative real axis). This logarithm is
denoted by log A and is the unique matrix B such that exp(B) = A and
the eigenvalues of B have imaginary parts lying strictly between —m and
. For A € C™*" with no eigenvalues on R~ we have the following integral
representation

log(s(A — I,) + I,) = / (A~ L)(H(A — L) + L)~ "dt.
0
Thus with s = 1 we obtain
1
log(A) = / (A—L)#t(A-1,)+ I,) 'adt
0
where [, is the n x n identity matrix. Find logU of the unitary matrix
1 /1 -1
=501

First test whether the method can be applied.
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Problem 23. Let xg, X1, ..., Xon_1 be an orthonormal basis in C2". We
define
=
U:= e 2mkI /2" 3 X, 1
PP . "

Show that U is unitary. In other words show that UU* = Is», using the

completeness relation
271

1271 = Z XjX;.
=0
Thus Isn is the 2™ x 2™ unit matrix.

Problem 24. Consider the unitary matrix

0 1
(1)
Show that we can find a unitary matrix V such that V2 = U. Thus V
would be the square root of U. What are the eigenvalues of V7

Problem 25. Let A be an n x n matrix. Let w, u € R. Assume that
et < Me*t, t>0
and g > w. Then we have
(ul, — A)~* E/ e HtetAds, (1)
0

Calculate the left and right-hand side of (1) for the matrix
0 1
4= (1 0) .

Problem 26. The Fréchet derivative of a matrix function f: C"*™ at a
point X € C™*™ is a linear mapping Lx : C"*™ — C™*" such that for all
Y 6 Cnxn

J(X+Y) = f(X) = Lx(Y) = o([[Y]]).

Calculate the Fréchet derivative of f(X) = X2

Problem 27. Find the square root of the positive definite 2 x 2 matrix

(2)
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Problem 28. Show that the matrix

M- cos(26) e'(#1792) 5in(26)
— \ ei(®2=91) gin(26) — cos(26)

is a square root of the 2 x 2 identity matrix by constructing it using the
orthonormal basis

vi et cos(f) o — 1 sin(0)
L7 \e?sin(g) )7 727 | —e'®2 cos(h)
in the Hilbert space C?

Problem 29. Let U be a unitary matrix. Use the sine-cosine decompo-
sition to Calculate the square root of U.

Problem 30. Let k> 1 and Ay, As, A3 be n X n matrices. Then (Lie
product)

k—o0

etitAz+As — i ((In + %Al)@Az/keA?’/k)k.

Let Ay = 01, Ay = 09, A3 = 03. Find exp(o1 + o2 + 03) utilizing the
right-hand side of the Lie product.



Chapter 8

Linear Differential
Equations

Problem 1. Solve the initial value problem of the linear differential
equation

dx

i 2x + sin(t).

Problem 2. Solve the initial value problem of dx/dt = Ax, where
0 1
a=(13):
Problem 3. Solve the initial value problem of dx/dt = Ax, where

a c¢
A_<0 b)’ a,b,c e R.

Problem 4. Show that the n-th order differential equation

d"x dx "1z
g~ Or Tt agy e e et

cj € R
can be written as a system of first order differential equation.

54
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Problem 5. Let A, X, F' be n X n matrices. Assume that the matrix
elements of X and F are differentiable functions of ¢. Consider the initial-
value linear matrix differential equation with an inhomogeneous part

dX (1)
dt

= AX(t) + F(t), X(tg) =C.
Find the solution of this matrix differential equation.

Problem 6. Let A, B, C, Y be n x n matrices. We know that
AY +YB=C
can be written as
(I, ® A) + (BT ® I,))vec(Y) = vec(CO)
where ® denotes the Kronecker product. The vec operation is defined as

VeCY := (Y11, oy UnlsY12s - - s Yn2sevos Ylns oo s Ynn)
Apply the vec operation to the matrix differential equation

d

ZX(t) = AX (1) + X(1)B

where A, B are n x n matrices and the initial matrix X (¢t = 0) = X(0) is
given. Find the solution of this differential equation.

Problem 7. The motion of a charge ¢ in an electromagnetic field is given
by

dv

"t

where m denotes the mass and v the velocity. Assume that

—¢(E+v xB) (1)

Ey B,
E = E2 y B= BQ (2)
Es Bs

are constant fields. Find the solution of the initial value problem.

Problem 8. Consider a system of linear ordinary differential equations
with periodic coefficients

dx
i A(t)x (1)
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where A(t) is an n x n matrix of periodic functions with a period 7. From
Floguet theory we know that any fundamental n x n matrix ®(¢), which is
defined as a nonsingular matrix satisfying the matrix differential equation

do(t) _
S = A

can be expressed as

®(t) = P(t) exp(tR). (2)
Here P(t) is a nonsingular n x n matrix of periodic functions with the
same period 7', and R, a constant matrix, whose eigenvalues are called the
characteristic exponents of the periodic system (1). Let

y = P71 (t)x.

Show that y satisfies the system of linear differential equations with con-
stant coefficients J
y
— = Ry.
at Y
Problem 9. Consider the autonomous system of nonlinear first order
ordinary differential equations

dx

ditl =a(ze —x1) = f1(z1, 22, 3)

dx

7; =(c—a)x; + cry — 2123 = fo(x1, 22, 23)
dx

7;’ = —b$3 + T129 = fS(l‘l; 1‘2,333)

where a > 0, b > 0 and c are real constants with 2¢ > a.
(i) The fized points are defined as the solutions of the system of equations

fi(@], 23, 23) = a(zs —27) =0
fo(al, x5, 25) = (c — a)x] + cxy —axjx; =0
fa(al, x5, x5) = —bxs + xjas = 0.

Find the fixed points. Obviously (0,0,0) is a fixed point.
(ii) The linearized equation (or variational equation) is given by

dyy /dt Y1
dya/dt | =A| o
dys/dt Y3

where the 3 x 3 matrix A is given by
O0f1/0x1 0f1/0x2 Of1/0x3
Ax:x* = 8f2/8a:1 8f2/8m2 8f2/8x3
8f3/6$1 afg/amg 8f3/8:173 X=x*
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where x = x* indicates to insert one of the fixed points into A. Calculate
A and insert the first fixed point (0, 0,0). Calculate the eigenvalues of A. If
all eigenvalues have negative real part then the fixed point is stable. Thus
study the stability of the fixed point.



Chapter 9

Kronecker Product

Problem 1. (i) Let

<=ul) =)

Thus {x, y } forms an orthonormal basis in C* (Hadamard basis). Calculate
XX, xRy, y®x yQy

and interpret the result.

Problem 2. Consider the Pauli matrices

0 1 1 0
0'12<1 O)7 03 1= (0 1)

Find 01 ® o3 and 03 ® 01. Is 01 Qo3 =03 R 017

Problem 3. Every 4 x 4 unitary matrix U can be written as
U = (U1 ® Uz) exp(i(ao, ® 0 + o2 @ 02 + 703 ® 03))(Us @ Us)
where U; € U(2) (j =1,2,3,4) and «, 3,7 € R. Calculate

exp(i(aoy ® 01 + for ® 02 + Y03 ® 03)).

Problem 4. Find an orthonormal basis given by hermitian matrices in
the Hilbert space H of 4 x 4 matrices over C. The scalar product in the

o8
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Hilbert space H is given by
(A, B) :=tr(AB"), A,BeH.

Hint. Start with hermitian 2 x 2 matrices and then use the Kronecker
product.

Problem 5. Consider the 4 x 4 matrices

000 1
0010
M=o 10 0 T1®0n
100 0
0 0 0 —i
00 i 0
@=1g i 0 o | 1@
i 0 0 0
0 0 1 0
0 0 0 -1
0 -1 0 0

Let a = (a1,a2,a3), b = (b1,b2,b3), ¢ = (c1,¢2,¢3), d = (d1,d2,d3) be
elements in R? and

a-o:=a1aq + a20i2 + azas.
Calculate the traces

tr((a-a)(b-a)), tr((a-a)(b-a)(c-a)(d-a)).

Problem 6. Given the orthonormal basis

< — €' cos(6) N sin(6)
te sin 0 ’ >~ e cosh

in the vector space C2. Use this orthonormal basis to find an orthonormal
basis in C*.

Problem 7. Let A be an m x m matrix and B be an n x n matrix. The
underlying field is C. Let I,,, I, be the m x m and n X n unit matrix,
respectively.

(i) Show that tr(A ® B) = tr(A4)tr(B).

(ii) Show that tr(A ® I, + I, ® B) = ntr(A) + mtr(B).
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Problem 8. Let A be an arbitrary n X n matrix over C. Show that

exp(A®I,) =exp(A) ® I,. (1)

Problem 9. Let A, B be arbitrary n x n matrices over C. Let I,, be the
n X n unit matrix. Show that

exp(A® I, + I, ® B) = exp(A) @ exp(B).

Problem 10. Let A and B be arbitrary n x n matrices over C. Prove or

disprove the equation

eA®B = eA (9 eB.

Problem 11. Let A be an m X m matrix and B be an n x n matrix. The
underlying field is C. The eigenvalues and eigenvectors of A are given by
A1, A2y ooy A and ug, Ug, ..., U,,. The eigenvalues and eigenvectors of
B are given by p1, po, ..., pn and vy, va, ..., v,,. Let €1, €2 and €3 be
real parameters. Find the eigenvalues and eigenvectors of the matrix

61A®B+62A®In+63Im®B.

Problem 12. Let A, B be n x n matrices over C. A scalar product can
be defined as

(A, B) := tr(AB*).

The scalar product implies a norm
|A]]? = (4, 4) = tr(AA").
This norm is called the Hilbert-Schmidt norm.

(i) Consider the Dirac matrices

10 0 0 0 0 0 1
01 0 0 (o 0o 10
O =1to 0o -1 o> MTTlo -1 0 0
00 0 -1 1 0 0 0

Calculate (g, v1)-
(ii) Let U be a unitary n x n matrix. Find (UA, UB).
(iii) Let C, D be m x m matrices over C. Find (A ® C, B ® D).
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Problem 13. Let T be the 4 x 4 matrix
3
T := IQ®12+thUj®0'j

Jj=1

where o4, j = 1,2,3 are the Pauli spin matrices and —1 < ¢; < +1,
j=1,2,3. Find T2.

Problem 14. Let U be a 2 x 2 unitary matrix and I be the 2 x 2 identity
matrix. Is the 4 x 4 matrix

0 0 et 0
v (0 Yous (7 Don acs

unitary?
Problem 15. Let
x(ml), x12] + xoxy =1

be an arbitrary normalized vector in C2. Can we construct a 4 x 4 unitary
matrix U such that

I ]. o I I 2
o((2)2 (@)= ()= (5) 2
Prove or disprove this equation.

Problem 16. Let A; (j = 1,2,...,k) be matrices of size m; x n;. We
introduce the notation

®F_1A4; = (®FT1A) Ay =41 ® A, ® - ® Ay

Consider the binary matrices

1 0 0 0 0 1 0 O
J00=<0 0>7 J10=(1 O)’ J01=<O 0)’ J11=(0 1)-

(i) Calculate
®j—1(Joo + Jo1 + Ji1)

fork =1,k =2,k =3and k = 8. Give an interpretation of the result when
each entry in the matrix represents a pixel (1 for black and 0 for white).
This means we use the Kronecker product for representing images.
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(i) Calculate

0 1
(®?:1(J00 + Jo1 + Jio + Jn)) ® (1 O)

for £ = 2 and give an interpretation as an image, i.e., each entry 0 is
identified with a black pixel and an entry 1 with a white pixel. Discuss the
case for arbitrary k.

Problem 17. Consider the Pauli spin matrices o = (01, 02,03). Let q,
r, s, t be unit vectors in R?. We define

Q:=q-0, R=r-0, S:=s-0, T:=t 0o
where q - 0 := q101 + g202 + q303. Calculate
(RQRS+RRS+RT-Q®T)2.

Express the result using commutators.

Problem 18. Let A and X be n X n matrices over C. Assume that
[X,A] =0,.

Calculate the commutator [X @ I,, + I,, ® X, A ® A].

Problem 19. A square matrix is called a stochastic matriz if each entry
is nonnegative and the sum of the entries in each row is 1. Let A, B be
n X n stochastic matrices. Is A ® B a stochastic matrix?

Problem 20. Let X be an m x m and Y be an n x n matrix. The direct
sum is the (m + n) X (m + n) matrix

X 0
v (X 2).

Let A be an n X n matrix, B be an m X m matrix and C be an p X p matrix.
Then we have the identity

(A®B)(C=(A®C)® (B O).

Is
AR(Bad(C)=(A®B)® (A ()

true?
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Problem 21. Let A, B be 2 x 2 matrices, C a 3 x 3 matrix and D a1 x 1
matrix. Find the condition on these matrices such that
AR B=Ca&D

where @ denotes the direct sum. We assume that D is nonzero.

Problem 22. With each m x n matrix Y we associate the column vector
vecY of length m x n defined by
VeC(Y) = (y117 ey YUm1y Y125 - -5 Ym2s - - Yl - e ymn)T

Let A be an m X n matrix, B an p X ¢ matrix, and C' an m X ¢ matrix. Let
X be an unknown n x p matrix. Show that the matrix equation

AXB=C
is equivalent to the system of gm equations in np unknowns given by
(BT @ A)vec(X) = vec(C).

that is, vec(AX B) = (BT @ A)vecX.

Problem 23. Let A, B, D be n x n matrices and I,, the n x n identity
matrix. Use the result from the problem above to prove that

AX+XB=D
can be written as

(I, ® A) + (BT ® I,))vecX = vec(D). (1)

Problem 24. Let A be an n X n matrix and I,,, be the m x m identity
matrix. Show that

sin(A® I,,) = sin(A4) @ Iy, (1)

Problem 25. Let A be an n x n matrix and B be an m X m matrix. Is
sin(A® I, + I, ® B) = (sin(A)) ® (cos(B)) + (cos(A)) ® (sin(B))? (1)

Prove or disprove.

Problem 26. Let o1, 02, 03 be the Pauli spin matrices.
(i) Find

Ry, () := exp(—ia(o1 ® I2)), Ryy(a) := exp(—ia(oe ® I2))
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where o € R and I5 denotes the 2 X 2 unit matrix.
(ii) Consider the special case Ri,(a = m/2) and Ry,(ov = w/4). Calculate
R14(m/2)R1y(m/4). Discuss.

Problem 27. Let x,y € R2. Find a 4 x 4 matrix A (flip operator) such
that
AXQ®y)=yx.

Problem 28. Let 01, 0y and o3 be the Pauli spin matrices. We define
04 =01+ 10y and o_ := 0] —i09. Let

1
Ck ::U3®U3®"'®03®<20+>®12®12®"'®12

where o is on the kth position and we have N — 1 Kronecker products.
Thus ¢} is a 2V x 2V matrix.

(i) Find cg.

(ii) Find the anticommutators [cx, ¢;]4 and [}, ¢;]4.

(iii) Find egex and ciej.

Problem 29. Using the definitions from the previous problem we define

(02 = 1045) = 5 (00 +i0y)
S_ji= =\Ogj —104y.5) = —O_ S i = =04 5 10, i) = —O0 4
\J 9\ Y,J 2 2Jo +.J \TT] Y,J 2 +.J
and
Cl1=58-1
j—1
cj = exp <z7r§ S+,[5__’g> s_j for j=23,...
=1

(i) Find cj.
(ii) Find the inverse transformation.
(iii) Calculate cfc;.

Problem 30. Let A, B, C, D be symmetric n X n matrices over R.
Assume that these matrices commute with each other. Consider the 4n x4n
matrix

A B c D
-B A D -C
-C -D A B
-D ¢ -B A

H =

(i) Calculate HH” and express the result using the Kronecker product.
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(ii) Assume that A% + B2 + C? + D? = 4nl,.

Problem 31. Can the 4 x 4 matrix

10 0 1
01 1 0
¢= 01 -1 0
10 0 -1

be written as the Kronecker product of two 2 x 2 matrices A and B, i.e.
C=A®B?

Problem 32. Let A, B, C be n X n matrices. Assume that
[A, B] = 0,, [A,C] = 0.
Let
X=LoA+A®I,, Y =b9B+B®IL,+AxC.

Calculate the commutator [X,Y].

Problem 33. Let x,y,z € R". We define a wedge product
XANY =XRQy -y X
Show that
(xANy)ANz+ (zAX)ANy+ (yAz)Ax=0. (1)
Problem 34. Let V and W be the unitary matrices

V = exp(i(r/4)o1) @ exp(i(r/4)or1)
W = exp(i(r/4)02) & exp(i(n/4)0).

Calculate
V*(0'3®0’3)V, W*(0'3®0'3)W

Problem 35. (i) Find the fractal generated by the matrix

o 001 0 0O
0010100
110 0011

and the Kronecker product.
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(ii) Find the fractal generated by the matrix

o 00010000
0001 01O0O00O0
111000111

and the Kronecker product.

Problem 36. Let A be an mxm matrix over C and B an nxn matrix over
C. Give an example for A and B which shows that not every eigenvectors
of A® B is of the form u ® v where u is an eigenvector of A and v is an
eigenvector of B. Hint. One has to look at nonnormal or non-diagonalizable
matrices.

Problem 37. Can one find a 6 X 6 permutation matrix P such that
a by b a
(@) (3))-(2) -2
2 b3 b3 2

Problem 38. Let A, B be n x n matrices. Find the condition on A and
B such that
[A® A,B® B] =[A,B]® [A, B].

Problem 39. Let A, B, Q be n x n matrices over C. Assume that
[A,Q] =0, [B,Q] = 0, Calculate

[A® B, I, ® Q+ Q ® I,,].
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Norms and Scalar
Products

Problem 1. Consider the vector (v € C%)

Find the Euclidean norm and then normalize the vector.

Problem 2. Consider the 4 x 4 matrix (Hamilton operator)

~ hw
H= 7(01 & o1 —0'2®0'2)

where w is the frequency and /4 is the Planck constant divided by 27. Find
the norm of H, i.e.,

|H| := max ||Hx], x e C?
Il =1

applying two different methods. In the first method apply the Lagrange
multiplier method, where the constraint is ||x|| = 1. In the second method
we calculate H*H and find the square root of the largest eigenvalue. This
is then ||H||. Note that H*H is positive semi-definite.

67
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Problem 3. Let A be an n x n matrix over R. The spectral norm is

A
|All2 := max | XHQ.
x£0 [|x[|

It can be shown that ||A|2 can also be calculated as

|All2 = v/largest eigenvalue of AT A.

Note that the eigenvalues of AT A are real and nonnegative. Let

2 5
A= (3,
Calculate ||Al|2 using this method.

Problem 4. Consider the vectors

1 1 1
X1 = 1 5 X9o = -1 s X3 = -1
1 1 -1

in R3.
(i) Show that the vectors are linearly independent.
(ii) Apply the Gram-Schmidt orthonormalization process to these vectors.

Problem 5. Let {v; : j=1,2,...,r} be an orthogonal set of vectors
in R™ with » < n. Show that

T

T
1 vill? = vl
j=1

j=1

Problem 6. Consider the 2 x 2 matrix over C

Find the norm of A implied by the scalar product

(A, A) = \/tr(AAY).

Problem 7. Let A, B be n x n matrices over C. A scalar product is
given by
(A, B) = tr(AB™).
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Let U be a unitary n x n matrix, i.e. we have U~! = U*.
(i) Calculate (U,U). Then find the norm implied by the scalar product.
(ii) Calculate

U1 = e [JU])
Problem 8. (i) Let {XJ j=1,2,...,n} be an orthonormal basis in
C™ Let {y; : j=1,2,...,n} be another orthonormal basis in C". Show
that

(Ujk) = (Xjyk)
Is a unitary matrix, where xJyy, is the scalar product of the vectors x; and
¥k. This means showing that UU* = I,,.
(ii) Consider the bases in C?

w () =)

n () men(l)

Use these bases to construct the corresponding 2 x 2 unitary matrix.

and

Problem 9. Find the norm ||A|| = /tr(A*A) of the skew-hermitian

matrix
_ ) 2+1
A<—2+i 30 )

without calculating A*.

Problem 10. Consider the Hilbert space H of the 2 x 2 matrices over
the complex numbers with the scalar product

(A,B) :=tr(AB*), ABeH.

Show that the rescaled Pauli matrices p; = 7 ,7=1,2,3

w=d (4 8) w5 ) -5 %)

plus the rescaled 2 x 2 identity matrix

o= 70 )

form an orthonormal basis in the Hilbert space H.



70 Problems and Solutions

Problem 11. Let A and B be 2 x 2 diagonal matrices over R. Assume
that
tr(AAT) = tr(BBT)

and
max ||Ax| = max ||Bx]|.
lIx]l=1 lIx]l=1

Can we conclude that A = B?

Problem 12. Let A be an n x n matrix over C. Let ||.|| be a subordinate
matrix norm for which ||I,|| = 1. Assume that ||A] < 1.
(i) Show that the matrix (I,, — A) is nonsingular.
(ii) Show that
(T = A)7HE < 1= [lAID~

Problem 13. Let A be an n x n matrix. Assume that ||A|| < 1. Show

that
Al

I,—A) -, <0
170 — 4) < a7

Problem 14. Let A be an n X n nonsingular matrix and B an n X n
matrix. Assume that ||[A71B|| < 1.

(i) Show that A — B is nonsingular.

(ii) Show that

A~ = (A= B)7!| IA~' B
< .
A= — 1 [ATB]

Problem 15. Let A be an invertible n x n matrix over R. Consider the
linear system Ax = b. The condition number of A is defined as

Cond(4) = [|A[ [|A™"].

Find the condition number for the matrix

1 0.9999
A‘<0.9999 1 >

for the infinity norm, 1-norm and 2-norm.

Problem 16. Let A, B be n X n matrices over R and ¢t € R. Let || | be
a matrix norm. Show that

et et — L, | < exp(|t|(JlAll + [ B])) - 1.
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Problem 17. Let A;, As,..., A, be m x m matrices over C. Then we
have the inequality

2
p

lexp(D>_ Aj) — (eA1/m - ete/myn| < Z 145

j=1
n+2 P
cexp ["E23 )

and

P
lim (eAt/meA2/m .. eAr/mM)n — oxp ZAJ
j=1

n—oo

Let p = 2. Find the estimate for the 2 x 2 matrices

0 1 10
Al_(l 0)’ A2_<0 2)'
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Groups and Matrices

Problem 1. (i) Find the group generated by

=) =6 )

under matrix multiplication.
(ii) Find the group generated by

A®B

under matrix multiplication.

Problem 2. We know that the set of matrices

g (10 o (L2 —/3/2 o-1_ [ 12 V3/2
“\o 1) P A\VB/2 o —1/2 )0 3 T\ —v3/2 —1/2
(1 0 o —1/2 —/3)2 ([ —=1/2 V/3)2
1= 0 —1) 27 \=vBr2 172 )0 BT\Vv3/2 1)2

forms a group G under matrix multiplication, where Cy 1'is the inverse
matrix of C3. The set of matrices (3 x 3 permutation matrices)

1 00 00 1
I=P,=(0 10|, P=[10 0],
00 1 01 0
01 0 1 00
=100 1|, P=[0o0 1],
100 01 0
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0 01 010
P,=10 1 0]/, P=(1 00
100 0 01

also forms a group G under matrix multiplication. Are the two groups
isomorphic? A homomorphism which is 1 — 1 and onto is an isomorphism.

Problem 3. (i) Show that the matrices

1 00 0 01
A=10 1 0}, B=(0 1 0],
0 01 1 00
-1 0 0 0o 0 -1
c=(10 -1 0|, D=0 -1 0
0o 0 -1 -1 0 0
form a group under matrix multiplication.
(ii) Show that the matrices
1 0 00 0 010
01 00 01 00
X = 0 01 0]f” Y= 10 0 0]
0 0 01 0 0 01
-1 0 0 0 0 0 -1 0
0 -1 0 0 0 -1 0 0
v o o -1 0}’ W= -1 0 0
0 0 0 -1 0o o0 0 -1

form a group under matrix multiplication.
(iii) Show that the two groups (so-called Vierergruppe) are isomorphic.

Problem 4. (i) Let x € R. Show that the 2 x 2 matrices

40-( 1)

form a group under matrix multiplication.
(ii) Is the group commutative?
(iii) Find a group that is isomorphic to this group.
Problem 5. The Lie group SU(2) is defined by
SU(2) :={U 2 x 2matrix : UU* =I5, detU =1}.
Let (3-sphere)

S3 = { (1,0, w3,24) €RY : 23 425 422+ 23 =11}
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Show that SU(2) can be identified as a real manifold with the 3-sphere S3.

Problem 6. Let 01, 09, o3 be the Pauli spin matrices. Let
U(Oé, B, ’Y) = 671-0‘63/2671'[302/2672'703/2

where «, 3, v are the three Fuler angles with the range 0 < o < 2w,
0<p <mand 0 <~ < 27m. Show that

e~i/2 cos(/2)e= /2 —e~t/2gin(3/2)e?/? )

U(Oé,ﬂ;’Y) = ( eia/Z sin(ﬂ/Q)e*”/Q 61’(1/2 COS(ﬂ/Q)ei’Y/Z (1)

Problem 7. The Heisenberg group is the set of upper 3 x 3 matrices of
the form

1 a c
H=]10 1 b
0 0 1

where a, b, ¢ can be taken from some (arbitrary) commutative ring.

(i) Find the inverse of H.

(ii) Given two elements z,y of a group G, we define the commutator of x
and y, denoted by [z,] to be the element =1y~ lzy. If a,b, c are integers
(in the ring Z of the integers) we obtain the discrete Heisenberg group Hs.

It has two generators

&

Il
o O =
O = =
= o O
<
I
S O =
o = O
i)

Find

z = J:yx_ly_l.
Show that xz = zx and yz = zy, i.e., z is the generator of the center of Hs.
(iii) The derived subgroup (or commutator subgroup) of a group G is the
subgroup [G, G] generated by the set of commutators of every pair of ele-
ments of G. Find [G, G] for the Heisenberg group.
(iv) Let

A:

o O O
o o e
O T 0

and a,b,c € R. Find exp(A).
(v) The Heisenberg group is a simple connected Lie group whose Lie algebra
consists of matrices

L =

O O O
o O e
O T O
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Find the commutators [L, L'] and [[L, L'],L’], where [L,L] := LL' — L'L.

Problem 8. Define

M:R*—V:={a-0:acR®} C{2x2 complex matrices }

a— M(a)=a- o =aj01 + axo2 + azos.

This is a linear bijection between R3 and V. Each U € SU(2) determines
a linear map S(U) on R? by

M(S(U)a) =U"'M(a)U.
The right-hand side is clearly linear in a. Show that U~'M(a)U is in V,
that is, of the form M (b).

Problem 9. A topological group G is both a group and a topological
space, the two structures are related by the requirement that the maps
2+ 27! (of G onto G) and (z,y) — zy (of G x G onto G) are continuous.
G x G is given by the product topology.
(i) Given a topological group G, define the maps

o(z) == zaz™"

and
Y(z) == zaz ta™! = [z, ).

How are the iterates of the maps ¢ and 1 related?
(ii) Consider G = SO(2) and

- cos(a) —sin(a) . 0 1
~ \sin(a)  cos(a) )’ T\-1 0
with z,a € SO(2). Calculate ¢ and 1. Discuss.
Problem 10. Show that the matrices
1 1 1 -1
0 1)’ 0 1
are conjugate in SL(2,C) but not in SL(2,R) (the real matrices in SL(2,C)).

Problem 11. Consider the invertible 2 x 2 matrix

(11 (1 -1
s_(o 1);55 _(O 1).
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Thus S is an element of SL(2,R). Find the condition on a 2 x 2 matrix
A = (a;)) such that
SAS™! = A.

Problem 12. (i) Let G be a finite set of real n x n matrices { 4, },
1 <4 <r, which forms a group under matrix multiplication. Suppose that

j=1 =1
where tr denotes the trace. Show that

a0,
j=1

(ii) Show that the 2 x 2 matrices

1 0 w 0 w? 0
(o h) 2= (5 &) m=(30)

0 1 0 w 0 w?
B4_(1 O)a BS_(W2 0>a BG_(W 0>

form a group under matrix multiplication, where

w = exp(2mi/3).
(iii) Show that

6
> tr(B;) =0.
j=1

Problem 13. The unitary matrices are elements of the Lie group U(n).
The corresponding Lie algebra u(n) is the set of matrices with the condition

X" =-X.

An important subgroup of U(n) is the Lie group SU(n) with the condition
that det U = 1. The unitary matrices

0 1

1 0

#0 4)

are not elements of the Lie algebra SU(2) since the determinants of these
unitary matrices are —1. The corresponding Lie algebra su(n) of the Lie
group SU(n) are the n x n matrices given by

X*=-X, t(X)=0.
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Let 01, 02, 03 be the Pauli spin matrices. Then any unitary matrix in U(2)
can be represented by

Ula, B,7,8) = eiolze=iBo3/2g=i102/2—ib03/2

where 0 < a <27, 0< B <2m, 0 <y <mand 0 <§ < 27 Calculate the
right-hand side.

Problem 14. Given an orthonormal basis (column vectors) in CV de-
noted by

X0y, X1 5-+-5 XN-1-

(1) Show that

2

-2
* *
XEXpy1 T XN-1X(

0

d
i
=
Il

is a unitary matrix.

(ii) Find tr(U).

(iii) Find UN.

(iv) Does U depend on the chosen basis? Prove or disprove.

Hint. Consider N = 2, the standard basis (1,0)7, (0,1)7 and the basis
%(17 1)T7 %(17 _1)T'

(v) Show that the set

{Uu,U% ...,UN}

forms a commutative group (abelian group) under matrix multiplication.
The set is a subgroup of the group of all permutation matrices.

(vi) Assume that the set given above is the standard basis. Show that the
matrix U is given by

0 1 0 0
0 0 1 0
U= :
0 0 0 1
1 00 0
Problem 15. (i) Let

1 ¢« 0 0

110 0 4 1
M= v2lo o i -1

1 =i 0 0

Is the matrix M unitary?
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(ii) Let
1 1 1 1 0
o= A) o= (0d)
and
1 0 0 O
0 0 0 1
Ucnor2 = 00 1 0
01 0 0

Show that the matrix M can be written as
M =Ucnor2(Io ® Ug)(Us ® Ug).

(iii) Let SO(4) be the special orthogonal Lie group. Let SU(2) be the
special unitary Lie group. Show that for every real orthogonal matrix U €
SO(4), the matrix MUM ~! is the Kronecker product of two 2-dimensional
special unitary matrices, i.e.,

MUM™' € SU(2) ® SU(2).

Problem 16. Sometimes we parametrize the group elements of the three
parameter group SO(3) in terms of the Euler angles v, 6, ¢

A,0,¢) =

cos(¢) cosfcostp —singpsiny  — cos(¢p) cosfsiny —singpcosyy cos@sinb
sin(¢) cos @ cos i + cos psiny  —sin(¢) cos @ sin) + cospcosy  sin¢psinf
— sin(6) cos(v)) sin  sin ¢ cos(6)

with the parameters falling in the intervals
—m <Y<, 0<o6<m, —r < <.

Describe the shortcomings this parametrization suffers.

Problem 17. The octonion algebra O is an 8-dimensional non-associative
algebra. It is defined in terms of the basis elements e, (x =0,1,...,7) and
their multiplication table. ey is the unit element. We use greek indices
(i, v, ...) to include the 0 and latin indices (4, j, k, . . .) when we exclude the
0. We define

ér =eqyr for k=1,23.

The multiplication rules among the basis elements of octonions e, are given
by
3
€i€; = _5ij60+zeijkeka i7j7k = 17273 (1)
k=1
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and
—e4e; = ejeg =&;, €4€; = —€jeq = €;, €464 = —€g
3
éiéj = —5ij€0 - E €ijk€k, 6,5,k=1,2,3
k=1
3
—éjei = eiéj = —51‘]‘64 — E €ijkék7 i,j, k= 1, 2, 3
k=1

where 0;; is the Kronecker delta and €;; is +1 if (ijk) is an even permuta-
tion of (123), —1 if (ijk) is an odd permutation of (123) and 0 otherwise.
We can formally summarize the multiplications as

7
€y = Guv€o + ZWﬁyek
k=1
where
= di 1 1 1 —1 —1 -1 _— k _ .k
g/ﬂj - 1ag(1u 17 1u 17 1u 17 1u 1)7 ’71.] - ’YJZ
with p,v =0,1,...,7, and 4,5,k =1,2,...,7.

(i) Show that the set { eg,e1,e9,€3 } is a closed associative subalgebra.
(ii) Show that the octonian algebra O is non-associative.

Problem 18. Consider the set
(1 0 (0 1
““lo1) *"\10) [
Then under matrix multiplication we have a group. Consider the set

{e®e, e®a, a®e, a®a}.

Does this set form a group under matrix multiplication, where ® denotes
the Kronecker product?
0 1
e (90).

(i) Find all 2 x 2 matrices A over R such that

Problem 19. Let

ATJA = J.

(ii) Do these 2 x 2 matrices form a group under matrix multiplication?



80 Problems and Solutions

Problem 20. Let J be the 2n x 2n matrix

0, I,

where I, is the n X n identity matrix and 0, is the n X n zero matrix. Show
that the 2n x 2n matrices A satisfying

ATJA=J

form a group under matrix multiplication. This group is called the sym-
plectic group Sp(2n).

Problem 21. We consider the following subgroups of the Lie group

SL(2,R). Let
k= { () ) s o)

(AT
v (1) vex).

It can be shown that any matrix m € SL(2,R) can be written in a unique
way as the product m = kan with k € K, a € Aand n € N. This decompo-
sition is called Twasawa decomposition and has a natural generalization to
SL(n,R), n > 3. The notation of the subgroups comes from the fact that
K is a compact subgroup, A is an abelian subgroup and N is a nilpotent
subgroup of SL(2,R). Find the Iwasawa decomposition of the matrix

(% )

Problem 22. Let GL(m,C) be the general linear group over C. This
Lie group consists of all nonsingular m X m matrices. Let G be a Lie
subgroup of GL(m,C). Suppose ui,us,...,u, is a coordinate system on
G in some neighborhood of I, the m x m identity matrix, and that
X (uy,ug,...,upy) is a point in this neighborhood. The matrix dX of dif-
ferential one-forms contains n linearly independent differential one-forms
since the n-dimensional Lie group G is smoothly embedded in GL(m,C).
Consider the matrix of differential one forms

0= X"1dX, X ea.

The matrix € of differential one forms contains n-linearly independent ones.
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(i) Let A be any fixed element of G. The left-translation by A is given by
X — AX.

Show that Q = X~ 1dX is left-invariant.
(ii) Show that
d2Q+QAQ =0

where A denotes the exterior product for matrices, i.e. we have matrix
multiplication together with the exterior product. The exterior product is
linear and satisfies

du; N duy, = —duy A du;.

Therefore du; A du; = 0 for j = 1,2,...,n. The exterior product is also
associative.

(iii) Find dX ! using XX~ = I,,,.

Problem 23. Consider GL(m,R) and a Lie subgroup of it. We interpret
each element X of G as a linear transformation on the vector space R™ of
row vectors v = (v1,vg,...,v,). Thus

v—-w=vX.

Show that dw = w{l.

Problem 24. Consider the Lie group SO(2) consisting of the matrices
[ cos(u) —sin(u)

~ \sin(u) cos(u) )°

Calculate dX and X~ 'dX.

Problem 25. Let n be the dimension of the Lie group G. Since the vector
space of differential one-forms at the identity element is an n-dimensional
vector space, there are exactly n linearly independent left invariant differ-
ential one-forms in G. Let o1, 09, ..., 0, be such a system. Consider the

Lie group
Uy u
G::{(Ol 12> DUy, u € R, U1>0}.

[ ur u2
X(O 1).

(i) Find X! and X~1dX. Calculate the left-invariant differential one-
forms. Calculate the left-invariant volume element.
(ii) Find the right-invariant forms.

Let
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Problem 26. Consider the Lie group consisting of the matrices
[ ur u2
X = ( 0 Ul)’ up,uz € R, ugp > 0.

Calculate X1 and X~1dX. Find the left-invariant differential one-forms
and the left-invariant volume element.

Problem 27. Find the group generated by the permutation matrix

_— o O O
o= OO

1
0
0
0

O O = O

under matrix multiplication.

Problem 28. Find the group generated by the two permutation matrices

1 0 0 0 000 1
001 0 0100
P=1g 1 00| 2=loo1 o0
00 0 1 1 00 0

Problem 29. The numbers {+1,—1,+4, —i} form a group under multi-
plication. The two 2 x 2 matrices

(10 (01
2= \o 1) 7 \1 o0

also form a group under matrix multiplications. Do the eight 2 x 2 matrices

D 0D Y 0
(YD (Y )

form a group under matrix multiplication?

o

Problem 30. The n X n permutation matrices P form a group under
matrix multiplication. The numbers {+1,—1,+i, —i} form a group under
multiplication. Do the 4 - (n!) n x n matrices

+1-P, —1-P, i-P, —i-P
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form a group under matrix multiplication?

Problem 31. Show that the two matrices

10 11
a=(Ay) (o)

generate the whole group SL(2,7Z). Generate the matrix

(o 1)

from the two matrices A; and As.

Problem 32. Find the group generated by
0 4
i 0

Problem 33. (i) Consider the “highly symmetrical” 3 x 3 matrix

under matrix multiplication.

010
A=11 0 1
010
Find all 3 x 3 permutation matrices P such that PAP~! = A. Note that

p-t=pT,
ii) Study the same question for the matrix
Yy

1 11
B=11 01
1 1 1

Problem 34. Find the character table for the group C3, with the group
elements E (identity), Cs, C%, 01, 03, 03.

Problem 35. Show the the Sy admits five conjugacy classes.

Problem 36. Consider the unitary 3 x 3 matrix

e?cos(f) 0 —e?sin(f)
U(o,0) = 0 1 0
e sin(@) 0 e cos(f)
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Find a unitary 3 x 3 matrix and a1, as, as € R such that

el 0 0
U$,0)=V(g,0)| 0 € 0 |V(g,0).
0 0 elas

Problem 37. Consider the 3 x 3 symmetric matrix

0 0 1
A=|10 -1 0
1 0 0

(i) Find the group generated by A under matrix multiplication.

(ii) Find the eigenvalues and normalized eigenvectors of A.

(iii) Find a skew-symmetric matrix K such that A = exp(K). Apply the
spectral theorem.

(

iv) Find the eigenvalues and normalized eigenvectors of A ® A.

Problem 38. Show that the 2 x 2 matrices

L_(10 (01
2= 1o 1) 711 o0

form a group under matrix multiplication. Show that {1,—1,4, —i} form a
group under multiplication. Do the eight matrices

I, =1y, ily, —il3, 01, —01, i01, —i01
form a group under matrix multiplication?

Problem 39. Let o, € R. Consider the 2 x 2 matrices

Ala) = (COS(Oé) —Sin(a)> . B(B) = (cos(a) sin(a) ) .

sin(a)  cos(w) sin(a)  — cos(a)

(i) Is A(a) € O(2,R)? Is A(a) € SO(2,R)?

(ii) Is B(B) € O(2,R)? Is B(B) € SO(2,R)?

(iii) Find the eigenvalues of A(a). Find the eigenvalues of B(3). Then find
the eigenvalues of A(a) ® B(f).

?
Problem 40. Find the group generated by exp(3im/2) under multiplica-
tion.
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Problem 41. Find the group generated by

0 1 0 1 0 -1 0 -1

1 0)° -1 0)’ 1 0 ) -1 0 )
Problem 42. Let 3 € [0,1]. Consider the transformation

(3) (-G "27)(2)

Do the matrices form a group under matrix multiplication? For g = 1 we
have the 2 x 2 identity matrix.

Problem 43. Consider the Lie group U(N), i.e. the unitary group in N
dimensions. Find the Haar measure dU with

| av-1
U(N)
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Lie Algebras and Matrices

Problem 1. Consider the n x n matrices E;; having 1 in the (4, j) posi-
tion and 0 elsewhere, where 7,57 = 1,2,...,n. Calculate the commutator.
Discuss.

Problem 2. Show that the matrices

(5 (6 ) e (00)

are the generators for a Lie algebra.

o

Problem 3. Consider the matrices

= O O
o O O
O O =

1 0 0 000
hi=10 0 0], ho=|0 1 0|, hy=
00 1 00 0

®
|
oS O O
=
S O O
~
|
o = O
o O O
S = O

Show that the matrices form a basis of a Lie algebra.

Problem 4. Let A, B be n x n matrices over C. Calculate tr([4, B]).
Discuss.
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Problem 5. An n x n matrix X over C is skew-hermitian if X* = —X.
Show that the commutator of two skew-hermitian matrices is again skew-
hermitian. Discuss.

Problem 6. The Lie algebra su(m) consists of all m x m matrices X over
C with the conditions X* = —X (i.e. X is skew-hermitian) and trX = 0.
Note that exp(X) is a unitary matrix. Find a basis for su(3).

Problem 7. Any fixed element X of a Lie algebra L defines a linear
transformation

ad(X):Z — [X,Z] forany Ze€ L.
Show that for any K € L we have
[ad(Y), ad(Z)]K = ad([Y; Z])K.

The linear mapping ad gives a representation of the Lie algebra known as
adjoint representation.

Problem 8. There is only one non-commutative Lie algebra L of dimen-
sion 2. If x,y are the generators (basis in L), then

[z,y] = .

(i) Find the adjoint representation of this Lie algebra. Let v, w be two
elements of a Lie algebra. Then we define

adv(w) := [v, w]

and wadv := [v, w].
(ii) The Killing form is defined by

k(x,y) := tr(adz ady)

for all z,y € L. Find the Killing form.

Problem 9. Consider the Lie algebra L = s(2,F) with charF # 2. Take
as the standard basis for L the three matrices

=50 =00 = )

(i) Find the multiplication table, i.e. the commutators.
(ii) Find the adjoint representation of L with the ordered basis {x h y }.
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(iii) Show that L is simple. If L has no ideals except itself and 0, and if
moreover [L, L] # 0, we call L simple. A subspace I of a Lie algebra L is
called an ideal of L if x € L, y € I together imply [z, y] € I.

Problem 10. The elements (generators) Zy, Za, . .., Z, of an r-dimensional
Lie algebra satisfy the conditions

24,2, = ) G Z-
T=1

with ¢}, = —c],,, where the c],’s are called the structure constants. Let A
be an arbitrary linear combination of the elements

A= i aZ,.
p=1

Suppose that X is some other linear combination such that

X = zr:byzy
v=1

and
[A, X] = pX.

This equation has the form of an eigenvalue equation, where p is the cor-
responding eigenvalue and X the corresponding eigenvector. Assume that
the Lie algebra is represented by matrices. Find the secular equation for
the eigenvalues p.

Problem 11. Let cJ, be the structure constants of a Lie algebra. We

define
I ks
Gox = Gxo = Z Z C;pcﬁr
p=17=1
and
gg/\gaA = 5:7\

A Lie algebra L is called semisimple if and only if det |g,1| # 0. We assume
in the following that the Lie algebra is semisimple. We define

C:= i i 97 X Xo.
p=10c=1

The operator C' is called Casimir operator. Let X, be an element of the
Lie algebra L. Calculate the commutator [C, X].
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Problem 12. Show that the matrices

00 0 0 0 1 0 -1 0
Jo=100 1), J,=[0 o0 o), =[1 0 o0
01 0 -1 0 0 0 0 0

form generators of a Lie algebra. Is the Lie algebra simple? A Lie algebra
is simple if it contains no ideals other than L and 0.

Problem 13. The roots of a semisimple Lie algebra are the Lie algebra
weights occurring in its adjoint representation. The set of roots forms the
root, system, and is completely determined by the semisimple Lie algebra.
Consider the semisimple Lie algebra s£(2,R) with the generators

1 0 0 1 0 0
i=(o &) x=(00) v=(10):
Find the roots.

Problem 14. The Lie algbra si(2,R) is spanned by the matrices

1 0 0 1 0 0
=0 5) =) =0)
(i) Find the commutators [h, €], [h, f] and [e, f].
(ii) Consider
C:%h2+ef+fe.

Find C. Calculate the commutators [C, k], [C, €], [C, f]. Show that C' can
be written in the form

1
C:§h2+h+2fe.

= (1).

Calculate hv, ev, fv and Cv. Give an interpretation.

(iii) Consider the vector

Problem 15. Let L be a finite dimensional Lie algebra. Let C*°(S*) be
the set of all infinitely differentiable functions, where S! is the unit circle
manifold. In the product space L ® C*°(S') we define the Lie bracket
(91,92 € L and f1, fo € Coo(sl))

(91 ® f1,92 ® fo] == [g91,92] ® (f1f2)

Calculate

1@ f1, [92® f2, 93® f3]] +[93@ f3, [91 @ f1, g2 @ fa]] +[92® f2, [93® f3, 1 @ f1]]-
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Problem 16. A basis for the Lie algebra su(NV), for odd N, may be built
from two unitary unimodular N x N matrices

10 0 ... 0 010 ...0
0w 0 ... 0 0 0 1 0
g=10 0 w* ... 0 7 b= :
R : 000 ... 1
00 0 ... wN-? 100 ... 0

where w is a primitive Nth root of unity, i.e. with period not smaller than
N, here taken to be exp(4mi/N). We obviously have

hg = wgh. (1)
(i) Find g and h.
(ii) Find tr(g).
(iii) Let m = (mq,m2), n = (n1,ne) and define

m X n:=ming — Mony

where my =0,1,...,N —1and my =0,1,..., N — 1. The complete set of
unitary unimodular N x N matrices
m1m2/2gm1 B

Imimg =W

suffice to span the Lie algebra su(N), where Jy o = Ix. Find J*.
(iv) Calculate JimJn.
(v) Find the commutator [Jm, Jn].

Problem 17. Consider the 2 x 2 matrices

(o) #=(01)

with the commutator [A, B] = A. Thus we have a basis of a two-dimesnional
non-abelian Lie algebra. Do the three 8 x 8 matrices

Vi=A®B®L, Vei=A®L®B, Vi=L®A®B

form a basis of Lie algebra under the commutator?

Problem 18. Let o € R. Find the Lie algebra generated by the 2 x 2
matrices

A(a):<sinf?(oz) COS}S(&))’ B(a):(cosg(a) Smg(a))'
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Problem 19. Find all 3 x 3 matrices T}, 15, T3 over R such that
[Ty, Tp] = T3, [T, T3] =Ty, [I3,T1] =T

tr(T2) = tr(T3) = tr(T3) = -2, tr(T1TaT3) = —1.
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Graphs and Matrices

Problem 1. A walk of length &k in a digraph is a succession of k arcs
joining two vertices. A trail is a walk in which all the arcs (but not neces-
sarily all the vertices) are distinct. A path is a walk in which all the arcs
and all the vertices are distinct. Show that the number of walks of length &
from vertex i to vertex j in a digraph D with n vertices is given by the ijth
element of the matrix A*, where A is the adjacency matrix of the digraph.

Problem 2. Consider a digraph. The out-degree of a vertex v is the
number of arcs incident from v and the in-degree of a vertex V' is the num-
ber of arcs incident to v. Loops count as one of each.

Determine the in-degree and the out-degree of each vertex in the digraph
given by the adjacency matrix

01 00O
0 01 0O
A=|1 0 0 0 1
0 01 0O
0 00 1O

and hence determine if it is an Eulerian graph. Display the digraph and
determine an Eulerian trail.

Problem 3. A digraph is strongly connected if there is a path between
every pair of vertices. Show that if A is the adjacency matrix of a digraph

92
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D with n vertices and B is the matrix
B=A+A 4+ A+ ...+ A"

then D is strongly connected iff each non-diagonal element of B is greater
than 0.

Problem 4. Write down the adjacency matrix A for the digraph shown.
Calculate the matrices A2, A% and A*. Consequently find the number of
walks of length 1, 2, 3 and 4 from w to w. Is there a walk of length 1, 2, 3,
or 4 from u to w? Find the matrix B = A 4+ A? + A3 4+ A* for the digraph
and hence conclude whether it is strongly connected. This means finding
out whether all off diagonal elements are nonzero.



Chapter 14

Hadamard Product

Problem 1. Let A and B be m x n matrices. The Hadamard product
Ao B is defined as the m x n matrix

AeB := (ambm)

0 1 3 4
a=(10) 2= (7 1)
Calculate A e B.

(ii) Let C, D be m x n matrices. Show that

(i) Let

rank(A e B) < (rankA)(rankB).

Problem 2. Let

(a1 a2 (b1 b
A_<a2 CL3>’ B_(bg b3)
be symmetric matrices over R. The Hadamard product A e B is defined as

AeB :— (a1b1 a2b2>

azby  asbs

Assume that A and B are positive definite. Show that A e B is positive
definite using the trace and determinant.

Problem 3. Let A be an n x n matrix over C. The spectral radius p(A)
is the radius of the smallest circle in the complex plane that contains all
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its eigenvalues. Every characteristic polynomial has at least one root. For
any two n x n matrices A = (a;;) and B = (b;;), the Hadamard product of
A and B is the n X n matrix

AeB := (aijbij).
Let A, B be nonnegative matrices. Then
p(A e B) < p(A)p(B).

Apply this inequality to the nonnegative matrices
_(1/4 0 (11
A_(O 3/4)’ B_<1 1)'

Problem 4. Let A, B be m x n matrices. The Hadamard product of A
and B is defined by the m X n matrix

AeB := (ambm)

2

We consider the case m = n. There exists an n* x n selection matriz J

such that
AeB=J"(A® B)J

where J7T is defined as the n x n? matrix

[Ev1 Eao ... Eny)

with E;; the n x n matrix of zeros except for a 1 in the (i,7)th position.
Prove this identity for the special case n = 2.
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Differentiation

Problem 1. Let @Q and P be n X n symmetric matrices over R, i.e.,
Q = Q7 and P = PT. Assume that P~! exists. Find the maximum of the
function f:R™ — R

f(x) =x"Qx

subject to x? Px = 1. Use the Lagrange multiplier method.

Problem 2. Let A be an arbitrary n X n matrix over C. Show that

d(det(e4))
de e=0
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Integration

Problem 1. Let A be an n X n positive definite matrix over R, i.e.
xT Ax > 0 for all x € R™. Calculate

/ exp(—xT Ax)dx.

Problem 2. Let V be an N x N unitary matrix, i.e. VV* = Iny. The
eigenvalues of V' lie on the unit circle; that is, they may be expressed in the
form exp(if,), 0, € R. A function f(V) = f(61,...,0y) is called a class
function if f is symmetric in all its variables. Weyl gave an explicit formula
for averaging class functions over the circular unitary ensemble

[ swav -
U(N)
1 2 2 . ‘
W/ o | SO o) T L™ - e a0y - doy
0 0 1<j<k<N

Thus we integrate the function f(V') over U(N) by parametrizing the group
by the 6; and using Weyl’s formula to convert the integral into an N-fold
integral over the 6;. By definition the Haar measure dV is invariant under
V — UVU*, where U is any N x N unitary matrix. The matrix V' can
always be diagonalized by a unitary matrix, i.e.
e 0
V=W T : w*
0 ... efn
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where W is an N x N unitary matrix. Thus the integral over V can be
written as an integral over the matrix elements of W and the eigenphases 6,,.
Since the measure is invariant under unitary transformations, the integral
over the matrix elements of U can be evaluated straightforwardly, leaving
the integral over the eigenphases. Show that for f a class function we have

1 27 27 )
devzi/ f(01,...,0n) det(e=™))qh, - - dby.
/U(N) ( ) (27T)N 0 0 (1 N) ( ) 1 N



Chapter 17

Numerical Methods

Problem 1. Let A be an invertible n x n matrix over R. Consider the
system of linear equation Ax = b or

n
E aijxj:bi, i:1,2,...,n.
Jj=1

Let A = C — R. This is called a splitting of the matrix A and R is the
defect matrix of the splitting. Consider the iteration

OxF+) — px() 4 b, k=0,1,2,....

Let
4 -1 0 400 3 0
A=|-1 4 =1, ¢c=(0 4 0|, b=[2], x9={o0
0 -2 4 0 0 4 2 0

The iteration converges if p(C~'R) < 1, where p(C~!R) denotes the spec-
tral radius of C~1R. Show that p(C~!'R) < 1. Perform the iteration.

Problem 2. Let A be an n x n matrix over R and let b € R"”. Consider
the linear equation Ax = b. Assume that a;; # 0 for j = 1,2,...,n. We
define the diagonal matrix D = diag(a;;). Then the linear equation Ax = b
can be written as

x=DBx+c
with B := —D71(A — D), ¢c := D~ 'b. The Jacobi method for the solution
of the linear equation Ax = b is given by

x*+D) = px®) 4 ¢, k=0,1,...

99
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where x(©) is any initial vector in R™. The sequence converges if

p(B) = max |\ (B) <1
j=1,....n

where p(B) is the spectral radius of B. Let
2 1 0

A=(1 2 1

0 1 2

(i) Show that the Jacobi method can applied for this matrix.
(ii) Find the solution of the linear equation with b = (11 1)7.

Problem 3. Let A be an n X n matrix over R. The (p,q) Padé approzi-
mation to exp(A) is defined by

Rpq(A) := (Dyq (A))_leq (4)

where
p

_ (p+q—5P
Noal) = 2 s it —

J=
q

Z (p+4q—J)q (),

= P+ )l g —J)!

Nonsingularity of D,,(A) is assured if p and ¢ are large enough or if the
eigenvalues of A are negative. Find the Padé approximation for the matrix

0 1
(1)
and p = ¢ = 2. Compare with the exact solution.

Problem 4. Let A be an n x n matrix. We define the j — k approximant

of exp(A) by _
Ep Aty
falA) = (?MJ)) . m

We have the inequality

e = (A < g4I el @

and f; 1 (A) converges to e, i.e.

fim, £i(4) = Jim fi(4) = 7.
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Let
0 1
- (00)
Find f22(A) and e. Calculate the right-hand side of the inequality (2).

Problem 5. The Denman-Beavers iteration for the square root of an nxn
matrix A with no eigenvalues on R~ is

1 _ 1 _
Yirr = 5 (Ve + Z; Y, Zipa = F e+ Yy Y

with £ = 0,1,2,... and Zy = I, and Yy = A. The iteration has the
properties that

klim Y, = AY?, lim Z, = A~1/?

k—oo
and, for all k,

1

Yi=AZy, YiZip=27Z1Yy, Yiq1 = 3

(Vi + AV, ).

(i) Can the Denman-Beavers iteration be applied to the matrix
11
= ?
A= (1 4)

Problem 6. Write a C++ program that implements Gauss elimination
to solve linear equations. Apply it to the system

(ii) Find Y7 and Z;.

1 1 1 €T 1
8 4 2 2 | =| O
27 9 3) \ a3 14

Problem 7. Let A be an n xn symmetric matrix over R. Since A is sym-
metric over R there exists a set of orthonormal eigenvectors vi,va, ..., v,
which form an orthonormal basis in R™. Let x € R™ be a reasonably good
approximation to an eigenvector, say vy. Calculate

xT Ax

R := .
xTx

The quotient is called Rayleigh quotient. Discuss.
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Problem 8. Let A be an invertible n x n matrix over R. Consider the
linear system Ax = b. The condition number of A is defined as

Cond(A) := [|A[|[[A71].
Find the condition number for the matrix

1 0.9999
A‘(o.9999 1 >

for the infinity norm, 1-norm and 2-norm.

Problem 9. The collocation polynomial p(x) for unequally-spaced argu-

ments xg, T1, ..., T, can be found by the determinant method
p(x) 1 = 22 ... 2"
v 1 x z% ooz
det| v11. 1 m 2?2 oot | 0

2
Yn 1 xp a3 x,

where p(z) = yi for k=0,1,...,n. Apply it to (n = 2)

p(zg=0) =1 = yo, p(z1 =1/2) =9/4 =, plze =1)=4=yo.

Supplementary Problems

Problem 1. Consider the hermitian 3 x 3 matrix

A:

_ = O
[ s R

1
1
0
Find A% and A3. We know that

tr(A) = A\ +da+ A3, tr(A%) = AT A3 H A3, (A% =23 A3+ 05

Use Newton’s method to solve this system of three equations to find the
eigenvalues of A.

Problem 2. (i) Given an m x n matrix over R. Write a C++ program
that finds the maximum value in each row and then the minimum value of
these values.
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(ii) Given an m x n matrix over R. Write a C++ program that finds the
minimum value in each row and then the maximum value of these values.

Problem 3. Given an m x n matrix over C. Find the elements with
the largest absolute values and store the entries (j,k) (j =0,1,...,m—1);
k =0,1,...,n — 1) which contain the elements with the largest absolute
value.

Problem 4. Let A be an n x n matrix over C. Then any eigenvalue of A
satisfies the inequality

n
Al < max > ajl.
1<j<n
k=1

Write a C++ program that calculates the right-hand side of the inequality
for a given matrix. Apply the complex class of STL. Apply it to the matrix

1 0 0 1

0 20 2¢ 0

A= 0 3t 3 O
4 0 0 44

Problem 5. The Leverrier’s method finds the characteristic polynomial
of an n x n matrix. Find the characteristic polynomial for

0 1 1 1
wom a=(V 1) me(t )

using this method. How are the coefficients ¢; of the polynomial related to
the eigenvalues? The eigenvalues of A® B are given by 0 (twice) and ++/2.

Problem 6. Consider an n X n permutation matrix P. Obviously +1 is
always an eigenvalue since the column vector with all n entries equal to +1 is
an eigenvector. Apply a brute force method and give a C++ implementation
to figure out whether —1 is an eigenvalue. We run over all column vectors
v of length n, where the entries can only be +1 or —1, where of course the
cases with all entries +1 or all entries —1 can be omitted. Thus the number
of column vectors we have to run through are 2 — 2. The condition then
to be checked is Pv = —v. If true we have an eigenvalues —1 with the
corresponding eigenvector v.

Problem 7. Consider an n x n symmetric tridiagonal matrix over R. Let
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fn(X) :=det(A — Al,) and

Oq—)\ ﬁl 0 0

B1 as— A [ 0

fey=det| O R0
0 e ap—1— A Br_a
0 0 Bk—l Ozk—)\

for k=1,2,...,nand fo(A) =1, f_1(A\) = 0. Then
feQ) = (@ =N fe-1(A) = Bi_1 fr—2(N)

for k=2,3,...,n. Find f4(\) for the 4 x 4 matrix

Vi 0 0
0 V2 0
V2 0 V3
0 0

0
V1
0
0 V3

Problem 8. The power method is the simplest algorithm for computing
eigenvectors and eigenvalues. Consider the vector space R"” with the Eu-
clidean norm ||x|| of a vector x € R™. The iteration is as follows: Given a

nonsingular n x n matrix M and a vector x¢ with [|xq|| = 1. One defines
MXt
- X 01,
T ]

This defines a dynamical system on the sphere S”~!. Since M is invertible

we have
-1
M Xt4+1

X =
C M Sl

t=0,1,...

(i) Apply the power method to the nonnormal matrix

1 1 1
A:(O 1) and x0:<0>.

(ii) Apply the power method to the Bell matrix

10 0 1 1
1 [o1 1 o0 0
B=71o1 -1 o ™d x=1,
10 0 -1 0
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(iii) Consider the 3 x 3 symmetric matrix over R
2 -1 0
A= -1 2 -1
0o -1 2
Find the largest eigenvalue and the corresponding eigenvector using the
power method. Start from the vector

1
v=1]1
1
Note that
1 2
Av=1|0], A’v=| -2
1 2

and the largest eigenvalue is A = 2++/2 with the corresponding eigenvector

(1 —v2 1T,

Problem 9. Let A be an n x n matrix over R. Then we have the Taylor
expansion

. —  (—1)* 2k+1 o~ (D" 2
sin(A4) == Z (2(I<:+)1)!A B+l cos(A) := Z (<2k§! A2k
k=0 k=0

To calculate sin(A) and cos(A4) from a truncated Taylor series approxima-
tion is only worthwhile near the origin. We can use the repeated application
of the double angle formula

cos(24) = 2cos*(A) — I, sin(2A) = 2sin(A) cos(A).

We can find sin(A) and cos(A) of a matrix A from a suitably truncated
Taylor series approximates as follows

Sy = Taylor approximate to sin(A/2%), Cy = Taylor approximate to cos(A/2%)
and the recursion
Sj = 2Sj_10j_1, Cj = 20?_1 -1,

where j = 1,2,.... Here k is a positive integer chosen so that, say || Al =~
2% Apply this recursion to calculate sine and cosine of the 2 x 2 matrix

A:(f ;)

Use k = 2.
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Miscellaneous

Problem 1. Can one find a unitary matrix U such that

«(0 ¢ . 0 ce'?
v (d 0>U_(de_“9 0)

where ¢c,d € Cand § e R ?

Problem 2. Let

0 0 10 1 i 0 0
0 0 01 L (00 —i 1
J_—1000’U_ﬁi100
0 -1 0 0 00 1 —i

Find U*U. Show that U*JU is a diagonal matrix.

Problem 3. Given four points x;, X;, Xg, X¢ (pairwise different) in R2.
One can define their cross-ratio

i = xglxe — x|
Tijke ‘=

|x; — x¢|[xp — x|

Show that the cross-rations are invariant under conformal transformation.

Problem 4. Consider

DN | =

A:

o O = O
O = O =
_— o = O
O = OO
— ==

106
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Find
4 v(:)FAVO _ 4 viAv, viv,
Vi=AvVo— —7 Vo, V2=AV]y— —F 1~ —7. Vo
Vg Vo ViVvi Vi Vo

Are the vectors vg, v1, vo linearly independent?

Problem 5. Let A, B be invertible n x n matrices. We define Ao B :=
AB — A7'B~!. Find matrices A, B such that A o B is invertible.

Problem 6. Let A be an n X n matrix. Let

A I, 0,
B=\|1 A I,
0, I, A

where 0,, is the n x n zero matrix. Calculate B? and B3.

Problem 7. Let a > b > 0 and integers. Find the rank of the 4 x 4
matrix

M(a,b) =

[SUEES R SIS
TR o
Q o
Qo

Problem 8. Let 0 < 6 < w/4. Note that sec(x) := 1/ cos(z). Consider
the 2 x 2 matrix

_ [ sec(20) —itan(20)
A(9) = (itan(ZQ) sec(20) ) .

Show that the matrix is hermitian and the determinant is equal to 1. Show
that the matrix is not unitary.

Problem 9. Show that the inverse of the 3 x 3 matrix

1 01
A=|(0 1 0
0 0 1
is given by
1 0 -1
ATt =10 1 0

o
—_
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Problem 10. Let B be the Bell matriz

1 0 0 1
B_ 110 1 -10
v21 0 1 1 0
-1 0 0 1
(i) Find B~! and BT.
(ii) Show that

1

(I ® B)(B® I2)(I ® B) = NG

(I, ® B> + B> ® I,).

Problem 11. Consider the two normalized vectors

1 1

OO OO OO

Sl
[N}
== el el e R an)
Sl
[N}

-1
in the Hilbert space R®. Show that the vectors obtained by applying
(10 L®L), (Lewo®lh), (L®lco)

together with the two original ones form an orthonormal basis in R,

Problem 12. Let ¢ € R. Consider the n x n matrix
0 1

0 1

0 1

e'? 0

(i) Show that the matrix is unitary.
(ii) Find the eigenvalues of H.
(iii) Consider the n x n diagonal matrix

G = diag(l, w, w?, -+ w

where w := exp(i27/n. Find wGH — HG.
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Problem 13. Let I,, be the n x n identity matrix and 0,, be the n x n
zero matrix. Find the eigenvalues and eigenvectors of the 2n x 2n matrices

0, I, _(On Iy
a=(%ow) e=(w):

Problem 14. Let a; € R with j = 1,2,3. Consider the 4 x 4 matrices

0 a 0 O 0 a1 0 0

o 1 aq 0 as 0 _ 1 —aq 0 a9 0
A= 210 a 0 az]’ B= 20 0 —as 0
0 0 a3 O 0 0 —as3 O

Find the spectrum of A and B. Find the spectrum of [A, B].

Problem 15. Consider the permutation matrix

0 0

[N eNell S
o O O

0 1
1 0
0 0

(i) Show that P* = I,.
(ii) Using this information find the eigenvalues.

Problem 16. Consider the skew-symmetric 3 x 3 matrix over R

0 —as a9
A= as 0 —aq
—a9 a1 0

where a1,a2,a3 € R. Find the eigenvalues. Let 03 be the 3 x 3 zero
matrix. Let Ay, Aa, A3 be skew-symmetric 3 x 3 matrices over R. Find the
eigenvalues of the 9 x 9 matrix

03 —Asz A,
B = Ag 03 _Al
Ay A 03

Problem 17. (i) Find the eigenvalues and eigenvectors of the 4 x 4 matrix

aj; a2 0 0
0 0 a23 a24
0 0 aszs as4

41 Q42 0 0

A:
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(ii) Find the eigenvalues and eigenvectors of the 4 x 4 permutation matrix

_ o0 o O
[ elal
o = O o
(=N el =)

Problem 18. Let z € C and A, B, C be n xn matrices over C. Calculate
the commutator

I,®A+A®eC e *° @B+ B®I,).

The commutator plays a role for Hopf algebras.

Problem 19. Consider the 4 x 4 matrix

cosh(a) 0 0 sinh(a)
- — sin(B) sinh(«) cos(3) 0 — sin(8) cosh(a)
Ale, B,7) = sin(y) cos(f) sinh(cr) sin(y)sin(8)  cos(y)  sin(vy) cos(B) cosh(a)
cos(y) cos(B) sinh(ar) cos(y)sin(B) —sin(y) cos(y) cos(B) cosh(a)

(i) Is each column a normalized vector in R*?
(ii) Calculate the scalar product between the column vectors. Discuss.

Problem 20. Consider the 2 x 2 matrices

r t 1 1 1
s=(1 1) (b))
Calculate RSRT. Discuss.

Problem 21. Let ¢1,$> € R. Consider the vector in R?

cos(¢1) cos(¢pz2)
v(d1, ¢2) = | sin(pz2) cos(¢1)
sin(¢1)

(i) Find the 3 x 3 matrix v(¢y, ¢2)vT (¢1, ¢2). What type of matrix do we
have?
(ii) Find the eigenvalues of the 3 x 3 matrix v(¢q, ¢2)v? (¢1, o). Compare

with vT'(¢1, d2)v (1, p2).

Problem 22. Can any skew-hermitian matrix K be written as K = iH,
where H is a hermitian matrix?
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Problem 23. Can one find a (column) vector in R? such that vv’ is an
invertible 2 x 2 matrix?

Problem 24. (i) Consider the normalized vectors in R*

1 0 1 0
vie O = ] w2 O va= |1
0 0 0 —1

(i) Do the vectors form a basis in R%?

(ii) Find the 4x4 matrix vy vi+vavi+vsvi+vyvy and then the eigenvalues.
(iii) Find the 4 x 4 matrix v1v} 4+ vovi 4+ vav) + v4vi and then the eigen-
values.

(iv) Consider the normalized vectors in R*

1 0 0 1
NS E8 IR O ) RN ') I
1_\/503 2_\/517 3\/517 4\/50

0 0 1 1

(v) Do the vectors form a basis in R*?

(vi) Find the 4 x 4 matrix wiw} + waowj + wywj + wyw} and then the
eigenvalues.

(vii) Find the 4 x 4 matrix wyw3 + wowj + wywj + wyw; and then the
eigenvalues.

Problem 25. Let
=) ()
z9 wao
be elements of C2. Solve the equation z*w = w*z.

Problem 26. Let S be an invertible n x n matrix. Find the inverse of

the 2n x 2n matrix
0, S~
S 0,

where 0,, is the n X n zero matrix.

Problem 27. Consider the normalized vectors

an(Q) (). e ()
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and the vector
W =
wo
in the Hilbert space C2. Show that

3 3
D Iviwl? =D Ivjwp =
j=1 j=1

3
Slwl.

Problem 28. Find the determinant of the 4 x 4 matrices
a1 a2 0 O 1 0 a3 aus
as aszs 0 0 0 1 azs ag
a3 azz 1 0’ 0 0 as3 as
ag1 age 0 1 0 0 a43 ags

Problem 29.

an n x n matrix over C of rank one.
(i) Show that the matrix R+ A is nonsingular if and only if tr(

(ii) Show that in this case we have
(R+A) =R~

(iii) Simplify to the case that R = I,,.

Problem 30. Find the determinant of the matrices

1 1/2 1/3
(1 1/2) 1}2 1??& %i AR
/2 1/3 1/3 1/4 1/5 %i }751 %2

Extend to n x n matrices. Then consider the limit n — oo.

Problem 31. Consider the 2 x 2 matrix

[ cosh(w) sinh(«a
Aler) = ( —sinh(a) — cosh )

Find the maxima and minima of the function f(«) =
Problem 32.

1 1/2 1/3
1/2 , 1/2 1/3 1/4
) |2 s

(1}2

(1+tr(R7'A)*RTAR™.

Let R be an nonsingular n x n matrix over C. Let A be

R™1A) # 1.

1/4
1/5
1/6
1/7

A%(a)) = (tr(A(a)))*.

Find the eigenvalues and eigenvectors of the matrices
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Extend to the n x n case.

Problem 33. Find the eigenvalues of the 4 x 4 matrix
2 -2 0 0

Problem 34. Let ¢, € R. Consider the matrices
0 ¢ 0 0

e’z 0 0 0
A(d)lv ¢27 ¢37 ¢4) = 0 0 0 ei¢3 )
0 0 €% 0
0 0 €% 0
0 0 0 ei%

B(¢s b6, 97:08) = | Lisw o o o0
0 e 0 0

and A(¢p1, da, d3, d4)B(ds, b6, d7, Ps). Find the eigenvalues of these matri-
ces.

Problem 35. Consider the 4 x 4 orthogonal matrices

cos(f) sin(d) 0 O 1 0 0 0
| —sin(@) cos(d) 0 O [0 cos(§) sin(d) O
Via(0) = 0 0 10| VO=|, —sin(f) cos(d) 0
0 0 0 1 0 0 0 1

1 0 0 0

0 1 0 0

Vaa(0) = 0 0 cos(d) sin(f)

0 0 —sin(d) cos(d)

Find the eigenvalues of V(0) = V12(0)Va23(0)V34(6).

Problem 36. We know that any n xn unitary matrix has only eigenvalues
A with |A] = 1. Assume that a given n x n matrix has only eigenvalues with
|[A| = 1. Can we conclude that the matrix is unitary?

Problem 37. Consider the 4 x 4 matrices over R

a1 a2 O 0 a1 a2 0 auy

Ay = a2 a1 a2 0 Ay — a2 a1 a2 0
- , -

0 a2 a1 ap 0 a2 a1 ap

0 0 a2 an ais 0 a2 an
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Find the eigenvalues of A; and As.

Problem 38. Find the eigenvalues and normalized eigenvectors of the
hermitian 3 x 3 matrix

€1 0 (%1
H = 0 €2 (%)
* *

vi Uy €3

with €1, €2,e3 € R and vy, v, € C.

Problem 39. Consider the Bell matriz

10 0 1
L o1 1 0
3_501—10

10 0 -1

which is a unitary matrix. Each column vector of the matrix is a fully en-
tangled state. Are the normalized eigenvectors of B are also fully entangled
states?

Problem 40. Let x € R. Is the 4 x 4 matrix

cos(z) O( | sin(zx) (2 )
0 cos(x 0 sin(z

Alx) =1 sin(z) 0 cos(x) 0
0 —sin(z) 0 cos()

an orthogonal matrix?

Problem 41. Let z € C. Can one find a 4 x 4 permutation matrix P
such that

P pPT =

N O W
O v O
N O W

O O w

ISR S ]

[SINES S ]
~

Problem 42. (i) Consider the 3 x 3 permutation matrix
01 0
C=(0 01
1 00

Find the condition on a 3 x 3 matrix A such that CACT = A. Note that
cT =c1.
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(ii) Consider the 4 x 4 permutation matrix

— o O o
S O O
o o= O
o= O O

Find the condition on a 4 x 4 matrix B such that DBDT = B. Note that
cT =c—1.

Problem 43. (i) Let € R. Show that the 4 x 4 matrix

cos(x) 0 —sin(z) 0
_ 0 cos(x) 0 —sin(x)
Alz) = sin(x) 0 cos(x) 0
0 sin(x) 0 cos(x)

is invertible. Find the inverse. Do these matrices form a group under
matrix multiplication?
(ii) Let « € R. Show that the matrix

cosh(z) 0 sinh(x) 0

0 cosh(x) 0 sinh(x)
sinh(z) 0 cosh(z) 0

0 sinh(z) 0 cosh(z)

B(x) =

is invertible. Find the inverse. Do these matrices form a group under
matrix multiplication.

Problem 44. Let a,3 € R. Do the 3 x 3 matrices
cos(a) —sin(a) 0 1 0 0
A(a,B) = | sin(a) cos(a) 0 0 cosh(B) sinh(p)
0 0 1 0 sinh(8) cosh(p)

form a group under matrix multiplication? For @ = = 0 we have the
identity matrix.

Problem 45. Is the invertible matrix

= o O O
o o = O
o OO
OO O

an element of the Lie group SO(4)? The matrix is unitary and we have
Uur=u.
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Problem 46. Let

0 1 0 0 1/1 0
J+::<0 0)’ Jz:(l 0)’ J‘”’:Zz(o —1)

and € € R. Find e+, e/~ e(J+*7-) Let r € R. Show that

er(]+ +J_) = eJ, tanh('r‘)GZJg 1n(cosh(r))6J+ tanh(r) )

Problem 47. Let ¢t; € R for j = 1,2,3,4. Find the eigenvalues and
eigenvectors of
0 tl 0 t4€i¢
- t1 0 to 0
0 ta 0t
t4€7i¢ 0 t3 0

Problem 48. (i) Study the eigenvalue problem for the symmetric matri-
ces over R

2 -1 -1
As=| -1 2 —1|, As= b2 -0
1 1 9 o -1 2 -1
-1 0 -1 2
Extend to n dimensions
2 -1 0 0 -1

|
O»—l
o
—
N)l

—_
o O
o O

Problem 49. Find the eigenvalues and eigenvectors of the 6 x 6 matrix

by 0 0 0 0 b

0 by O 0O 0 0
|0 0 b o0 0 0
0 0 0 by 0 0

0 0 0 0 bss O

b61 0 0 0 0 b66
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Problem 50. Find the eigenvalues and eigenvectors of 4 x 4 matrix

A(z) =

W =
W =
W =

— N W W

Problem 51. Find the eigenvalues of the matrices

ai11r Gai2 a3 ai4

a1l aiz ais
air a2 0 as1 agy azz 0
as; 0 ) a21 a2 9 asy aso 0 0
aszl 0 0
Q41 0 0 0

Problem 52. Let A, B be n x n matrices over C. Consider the map
7(A,B):=A®B-A®I, -1, ®B.

Find the commutator [7(A, B), 7(B, A)].

Problem 53. Let A be an n x n matrix over C. Consider the matrices
B12:A®A®In®lrm 313:A®In®A®In7 Bl4:A®In®In®A7

By =I,@A®R AR, Bou=I,9ARL,®A, By=1,9I,2A% A.

Find the commutators [Bj, Bem).

Problem 54. We know that for any n x n matrix A over C the matrix
exp(A) is invertible with the inverse exp(—A). What about cos(A) and
cosh(A)?

Problem 55. Let

1 1 0 1
=0 h) =)
(i) Find A® B, B® A.
(ii) Find tr(A ® B), tr(B® A). Find det(A ® B), det(B ® A).
(iii) Find the eigenvalues of A and B.
(
(

iv) Find the eigenvalues of A ® B and B ® A.
v) Find rank(A), rank(B) and rank(A ® B).
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Problem 56. Consider the hermitian 4 x 4 matrix

0 0 01
0 0 01
A_0001
1110

Show that the rank of the matrix is 2. The trace and determinant are equal
to 0 and thus two of the eigenvalues are 0. The other two eigenvalues are

+/3.
Problem 57. Let A, B be n X n matrices. Let
X = AQL, I, +1,AR,+ 1,1, A, Y := BRL,QI,+1,BRI,+I1,1,B8.

Find the commutator [X,Y].
Problem 58. Let
0 1 1 0
@ 09
Then [A, B] = —A. Let

AA=B®A+A®Il,, AB:=BQ®B.

Find the commutator [AA, ABJ.

Problem 59. (i) Let A, B be n x n matrices with [A, B] = 0,,. Find the
commutators
[A® A, B® B], [A® B,B® A].

Find the anti-commutators
[A® A,B® B]y, [A® B,B® Al;.
(ii) Let A, B be n x n matrices with [A, B]+ = 0,,. Find the commutators
[A® A,B® B], [A® B,B® A].
Find the anti-commutators
[A® A,B® Bl,, [A®B,B® A|,.
(iii) Let A, B be n x n matrices. We define

AA)=A®B+B®A, AB)=BoB-A®A.
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Find the commutator [A(A), A(B)] and anticommutator [A(A), A(B)]+.

Problem 60. (i) Let o, 8 € C and

mam=(5 7).
Calculate exp(M (¢, B)).

(i) Let o, 8 € C. Consider the 2 x 2 matrix

ves=(5 2.
Calculate exp(M(a, 5)).

Problem 61. Consider the six 3 x 3 permutation matrices. Which two
of the matrices generate all the other ones.

Problem 62. Find the eigenvalues and eigenvectors of the matrices

100 0 1
10 1 010 1 0
01 0|, 001 0 0
10 -1 010 -1 0

100 0 -1

Extend to the general case n odd.

Problem 63. Let A be areal or complex n X n matrix with no eigenvalues
on R~ (the closed negative real axis). Then there exists a unique matrix
X such that

DeX=4

2) the eigenvalues of X lie in the strip {z : —7 < $(2) < 7 }. We refer to
X as the principal logarithm of A and write X = log(A). Similarly, there
is a unique matrix S such that

1)S?2=A4

2) the eigenvalues of S lie in the open halfplane: 0 < R(z). We refer to S
as the principal square root of A and write S = A'/2.

If the matrix A is real then its principal logarithm and principal square
root are also real.

The open halfplane associated with z = pe® is the set of complex numbers
w = (e’ such that —7/2 < ¢ — 0 < 7/2.

Suppose that A = BC has no eigenvalues on R~ and

1. BC=(CB
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2. every eigenvalue of B lies in the open halfplane of the corresponding
eigenvalue of A'/2 (or, equivalently, the same condition holds for C).

Show that log(A) = log(B) + log(C).

Problem 64. Let a,b € R. Find the eigenvalues and eigenvectors of the
4 x 4 matrix

>N O O 2
o ot O
o o

QO oo

Problem 65. Let n > 2. Consider the Hilbert space H = C2". Let A, B
be nonzero n X n hermitian matrices and I,, the identity matrix. Consider
the Hamilton operator H in this Hilbert space

H=A®I,+1,2B+eA® B

in this Hilbert space, where € € R. Let A1, ..., A, be the eigenvalues of A
and let pq, ..., puy be the eigenvalues of B. Then the eigenvalues of H are
given by

)\j + pk + 6/\jluk-
Let uy, ..., u, be the eigenvectors of A and vy, ..., v, be the eigenvectors
of B. Then the eigenvectors of H are given by
u; ® Vg.
Thus all the eigenvectors of this Hamilton operator are not entangled. Con-
sider now the Hamilton operator

K=A®I,+1,®%B+eB® A.

Can we find hermitian matrices B, A such that the eigenvectors of K cannot
be written as a product state, i.e. they are entangled? Note that A ® B
and B ® A have the same eigenvalues with the eigenvectors u; ® v and
v; ® uy, respectively.

Problem 66. Let A be an m X n matrix over C and B be a s X t matrix
over C. Show that

A® B = vect (LA,sxt (vecsx¢(B)))

msXnt
where

Laoxi = @L@ARL)Y €@l @e;, el
j=1
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Problem 67. Consider the 2 x 2 hermitian matrices A and B with A # B
with the eigenvalues \1, \o; p1, p2; and the corresponding normalized eigen-
vectors up, Ug; Vi, Vo, respectively. Form from the normalized eigenvectors

the 2 x 2 matrix
ujvy ujva
u;vy uyvp )

Is this matrix unitary? Find the eigenvalues of this matrix and the corre-
sponding normalized eigenvectors of the 2 x 2 matrix. How are the eigen-
values and eigenvectors are linked to the eigenvalues and eigenvectors of A
and B?

Problem 68. Let a,3 € R. Are the 4 x 4 matrices

e cosh(3) 0 0 sinh
U— 0 e*coshf3  sinhf 0
o 0 sinh 3 €' cosh 3 0
sinh 3 0 0 e~ cosh 3
0 e®coshff  —esinh 0
v — —e @ cosh 8 0 0 e " sinh 8
- e*®sinh 3 0 0 —e' cosh 8
0 —e gsinh 8 e~ cosh 3 0
unitary?

Problem 69. Find the conditions on €7, ¢€5,€e3 € R such that the 4 x 4
matrix

0 1 0 0
1 .
Aler, €, €3) = 0 2 EQI 65
0 €3 0 -1

is invertible.

Problem 70. Given a normal 5 x 5 matrix which provides the character-
istic equation
—A°+4X% - 30 =0

with the eigenvalues \; = —v/3, Ao = —1, A3 = 0, Ay = 1, A5 = v/3 and the
corresponding normalized eigenvectors

\V3/6 1/2 1/V3 1/2

~1/2 ~1/2 0 1/2
vy = ]-/\/g y V2 = 0 y, V3 = _1/\/3 y V4 = 0 y V5 =
~1/2 1/2 0 ~1/2

V3/6 ~1/2 1/V3 —-1/2

V3/6
1/2
1/v/3
1/2

V3/6
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Apply the spectral theorem and show that the matrix is given by

01000

5 10100

A=>"Nvivi=[0 1010
j=1 0 0 1 0 1

00010

Problem 71. Let oo € R. Consider the 2 x 2 matrix

Afe) = ( cos(a) —sm(a))

—sin(a) —cos(a)
(1) Find the matrices

dA(a)
da

X = , B(a) = exp(aX).

a=0

Compare A(a) and B(«). Discuss.
(ii) All computer algebra programs (except one) provide the correct eigen-
values +1 and —1 and then the corresponding eigenvectors

((1 + COS@))/sm(a)) ’ (—(1 - cos(lcm/sm(a)) |

Discuss. Then find the correct eigenvectors.

Problem 72. Let A be an m X n matrix and B a p X ¢ matrix. Show
that
A® B = (A®I,)diag(B,B,...,B).

Problem 73. Let z € C. Find the eigenvalues and eigenvectors of the
3 X 3 matrix

A:

N N O
N O W

z
z
0

Discuss the dependence of the eigenvalues on z. The matrix is hermitian.
Thus the eigenvalues must be real and since tr(A) = 0 we have A\; +A2+A3 =
0. Set z = re'®.

Problem 74. (i) Let o € R. Find the eigenvalues and eigenvectors of the
symmetric 3 x 3 and 4 x 4 matrices, respectively

a -1 0 0

a -1 0

-1 -1 0

As(a)=| -1 o -1, Asla)= 0 _al o0 -1
0 -1 «

0 0 -1 «
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Extend to n dimensions.
(ii) Let @« € R. Find the eigenvalues and eigenvectors of the symmetric
4 x 4 matrix, respectively

a -1 0 -1

Extend to n dimensions.

Problem 75. Let a,b € R. Consider the 2 x 2

K(g g).

Find exp(iK). Use the result to find a, b such that
. 01
exp(iK) = (1 0) .
Problem 76. Let

1
=3 3) (1 ) wmses ases-

O O OO
o~ OO
oo = O
OO OO

Find R(7) = exp(yX), where v € R. Is the matrix unitary?

Problem 77. Let z € C and z # 0.
(i) Do the 2 x 2 matrices

z 0
0 271 )’

form a group under matrix multiplication?
(ii) Do the 3 x 3 matrices

7 N\
N
(=)
—
O W
~

271 271

O O W

0
1 o0 |, 0
0

O = O
O O W

form a group under matrix multiplication?
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Problem 78. The (1 + 1) Poincaré Lie algebra iso(1,1) is generated by
one boost generator K and the translation generators along the light-cone
P, and P_. The commutators are

[K7P+]:2P+7 [KaP*]:_2P*7 [P+7P*]:0'

Can one find 2 x 2 matrices K, Py, P_ which satisfy these commutation
relations?

Problem 79. Let e € R. Is the matrix

T(e) = (—:(ll_—:E) }J—FZ)
invertible for all €?
Problem 80. Show that the 2n x 2n matrix

invertible. Find the inverse.

Problem 81. Consider the map f : C? — R?
cos(0) Si.n(29) C.C)S(¢)
(eid’ sin(0)> — | sin(20)sin(¢) | .
cos(26)
0.

(i) Consider the map for the special case § =0, ¢ =
(ii) Consider the map for the special case § = w/4, ¢ = 7 /4.

Problem 82. Let A, B be n xn hermitian matrices. Show that A® I,, +
I, ® B is also a hermitian matrix. Apply

(ARI,+1,8B)" = (A®L,)"+(I,®B)" = A*QI'+I}®B* = AQI,+1,8B.

Problem 83. (i) Find the eigenvalues of the 4 x 4 matrix

0 0 O aiq
1 0 0 a4
A =
0 1 0 asz4
0 0 1 aqq
(ii) Find the eigenvalues and eigenvectors of the 4 x 4 matrices
0 a2 a3 aus 0 a2 a3 Qs
—ai2 0 a3 axy —a12 0 a3  G24
a;3 a3 0 azg |’ —a1;3 —azz 0 azy

ais  azg —azg O —ai4 —a4 —azs O
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Problem 84. A classical 3 x 3 matrix representation of the algebra
iso(1,1) is given by

0 0 0 0 0 0 0 0 0
K=|(0 0 2|, Po.=|1 00}, P =100
0 -2 0 -1 0 0 1 0 0

Find the commutators and anticommutators.
Problem 85.

Problem 86. (i) Let A be an invertible n x n matrix over C. Assume we
know the eigenvalues and eigenvectors of A. What can be said about the
eigenvalues and eigenvectors of A + A~1?

(ii) Apply the result from (i) to the 5 x 5 permutation matrix

0 00 01
1.0 0 00
A=10 1 0 0 O
0 01 0 O
0 0010

Problem 87. Letn > 2 and j,k = 1,...,n. Let E;; be the n xn
elementary matrices with 1 at the position jk and 0 otherwise. Find the

eigenvalues of
n

T = Z (Ejk®Ekj —Ekj®Ejk).
k<j,j=1

Problem 88. Consider the 2 x 2 matrices

(D) w0

Using the Kronecker product we form the 16 x 16 matrices

1 1

U= —=J0hLohLhel), U=-—6hLoJelhel),
1 \/Q( 2 2 2) 2 \/5(2 2 2)
U= —(Lolheloh) Ui= —(LoLeloJ)
3—\/52 2 2)s 4—\/5 2 2 2

and

Vi = V2(KRKRLRL), Vis = V2(KOLOK®I), Vis = V2(KRLOLEOK),
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Vos = V2(LOKRK®L), Vi =V2LRKLRK), Vi=vV2LoLoK®K).

Find the 16 x 16 matrices U;Vj,oU; and ViU Vi for j =1,2,3,4, k= 1,2,3
and ¢ > k. Find all the commutators between the 16 x 16 matrices.

Problem 89. Let a,be€ R and a # 0. Show that
zZ\ _ (a b\ [z e (T)_ 1/a —bja\ (o'
1) 7\0 1 1 1) 0 1 1)

Problem 90. Leta,b,c € R3. Show that a-(bxc) = b-(cxa) = c-(axb),
where - denotes the scalar product and x the vector product.

Problem 91. Let A be an n xn matrix over C. Let u,v € C" considered
as column vectors. Show that v*Au = u*A*v.

Problem 92. Let A be an n x n matrix over C and x € C™. Show that
1
R(x*Ax) = §x*(A + A%)x

where # denotes the real part of a complex number.

Problem 93. Let w be the solutions of the quadratic equation w?4+w+1 =
0. Consider the normal and invertible matrix M

010 0 0 1
Mw =10 0 w = M1'w=([1 0 0
100 0 @ 0

Let Eji, (j, k = 1,2,3) be the nine 3 x 3 elementary matrices. Calculate the

9 X 9 matrix
3

T=" (EjpoMi ™)
k=1

where ny —ng =2, ny —ng =1, ng —ng = —1 and M° = Is.

Problem 94. Find the 6 x 6 matrix

a a 0 10 a a
I3®< 11 12)+ 0 0 ®< 13 14)+
a1g a11 10 ai2 a3

O = O
_ o O
OO =
&
/N
SIS
=
o
SIS
=
[STRCN
"

Problem 95. Find all 4 x 4 matrices Y such that

(0o (v 0) =G a)= (3 a))
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Problem 96. Let M be a 4 x 4 matrix over R. Can M be written as
M=A®B+C®D
where A, B, C, D be 2 x 2 matrices over R? Note that

tr(M) = tr(A)tr(B) + tr(C)tr(D).

Problem 97. (i) Let z € R. Find the determinant and the inverse of the
matrix
e® cos(x) e® sin(x)
—e Tsin(z) e *cos(x) )’
(ii) Let o € R. Find the determinant of the matrices

A(a)(cosm) sin(a)), B(a)<cos<a> z‘sin(a)),

—sin(a) cos(a) isin(a) cos(a)

(iii) Let @ € R. Find the determinant of the matrices

clay = (Sle) 0)) gy = (e e,

Problem 98. Consider a symmetric matrix over R. We impose the
following conditions. The diagonal elements are all zero. The non-diagonal
elements can only be +1 or —1. Show that such a matrix can only have
integer values as eigenvalues. An example would be

0 1 1 -1
1 0 1 -1
1 1 0 -1

-1 -1 -1 O

with eigenvalues 3 and —1 (three times).

Problem 99. Let A, B be real symmetric and block tridiagonal 4 x 4
matrices

a1 a2 0 0 bir b1z 0 O

A= | @2 a2 ax 0 B bia bag bz O
0 ags ass ass |’ 0 bo3 bsz b3

0 0 a3z au 0 0 b3y by

Assume that B is positive definite. Solve the eigenvalue problem Av =
ABv.
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Problem 100. Find the determinant and eigenvalues of the matrices

00 a 0 0 O a4

0 13 10 0
A2=(1 Z;;), Az=11 0 a3 |, As= 01 0 Z;i
0 1 as 0 0 1 auy

Extend to the n-dimensional case. Note that det(As) = —aqa, det(A3) =
a3, det(Ay) = —ayy. For A, we find det(A,) = (—1)" ay,.

Problem 101. Find the eigenvalues of the nonnormal matrices

100 1
101

11 0220

A2_<2 2)’ As = ggg,A4_ 0330

400 4

Extend to the n xn case. Owing to the structure of the matrices 0 is always
an eigenvalue and the multiplicity depends on n. For Ay we find A = 0 and
A=3.

Problem 102. Let A\, u be an eigenvalue and normalized eigenvector of
the n x n matrix A, respectively. Let u, v be an eigenvalue and normalized
eigenvector of the n x n matrix B, respectively. Find an eigenvalue and
normalized eigenvector of A® I, ® B.

Problem 103. Let A, B be nxn matrices over C. Consider the eigenvalue
equations Au = Au, Bv = pv. Show that (identity)

(A B—- A, @ul,)(ue@v)=(A-X,,)® B+ A® (B—ul,))(u®v).

Problem 104. Show that the condition on ai1, a1z, bi1, bi2 such that

ail 0 0 a1 1
0 b3 bz O 1
0 b12 b11 0 1

ai12 0 0 ail 1

[ e T =S

(i.e. we have an eigenvalue equation of the matrix) is given by A = a11 +
a2 = bi1 + bia.

Problem 105. Let A, B, C, D n x n matrices over C. Assume that
[A,C] =0, and [B, D] = 0,,. Find the commutators

A®I, C®D], [,®B,CeD], [A®B,CD].
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Problem 106. Let A, B be n X n matrices. What is condition on A and
B so that the commutator

A®L,+1,9B+A®B,BeI,+1, 9 A+ B® A

vanishes?

Problem 107. Given the 4 x 4 matrices
0 0

o OO
o O oo
S oo o
o o oo
o o= O
o O oo

0 0
0 1/’
0 0

where o € R. Show that A% = 04, B> = 0,4 and [4, B]; = (A+ B)%

Problem 108. Let A be a nonnormal matrix. Show that tr(AA*) =
tr(A*A). Show that det(AA*) = det(A*A).

Problem 109. Let A, B be n x n matrices over C. Calculate the com-
mutators of the three matrices

AR B®I,, I, ® A® B, A®I,® B.

Assume that A, B satisfy [A, B] = A, i.e. A, B form a basis of a noncom-
mutative Lie algebra. Discuss the commutators found above from a Lie
algebra point of view.

Problem 110. Let j,k € {1,2,3} and E,; be the (nine) elementary
matrices. Find the eigenvalues and eigenvectors of the 9 x 9 matrix

3
Q=2 (Eue Ey).
j=1k=1

Does @ satisfy the braid-like relation
(LRQ)(QRL)LRQ)=(QRL) (L) (QRI)?

Problem 111. All real symmetric matrices are diagonalizable. Show
that not all complex symmetric matrices are diagonalizable.

Problem 112. Find all 2 x 2 matrices T3, T such that

Ty = [Ty, [T, T1]], Ty = [Ty, [T, T3]].
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Problem 113. Let a € R.
(i) Consider the 2 x 2 matrix

Calculate dA(a) /da, X = dA(a)/dal,_, and B(a) = e*¥. Compare A(«)
and B(a). Discuss.
(ii) Consider the 2 x 2 matrix

co)= (G 0.

Calculate dC(a)/da, Y = dC(a)/da|,_, and D(a) = e*¥. Compare C(a)
and D(«). Discuss.

Problem 114. Find all nonzero 2 x 2 matrices H, A such that
[H, A] = A.

Then find [H ® H, A ® A].

Problem 115. Consider the 3 x 3 real symmetric matric A and the
normalized vector v

0 1
A=|1 0
1 1
Find

o =vIAv, po=vTA%v, g =viA%v.

Can the matrix A be uniquely reconstructed from g1, po, ps? It can be
assumed that A is real symmetric.

Problem 116. Consider the 3 x 3 real symmetric matrix A and the
orthonormal basis {vy,va,v3} in R3

01 1 1 1 0 1 1
A= 1 0 1 5 V] = —= 0 , Vo = 1 , V3 = —= 0
1 10 V2 1 0 V2 -1

Calculate
w=viAvs + v Avs + v Av;.

Discuss.
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Problem 117. Let E;; (j,k =1,...,n) be the nxn elementary matrices,
i.e. Fjj is the matrix with 1 at the j-th row and the k-th column and 0
otherwise. Let n = 3. Find E12E23E31. Find E12 X E23 & E31.

Problem 118. Let f € Ly(R). The Fourier transform is given by

Problem 119. Consider the 5 x 5 matrix

T W N
T W N
T W N
U W N
T W N

Find the norm
| All = max [| Ax]|.

lII]

(i) Apply the Lagrange multiplier method.

(ii) Calculate AAT and then find the square root of the largest eigenvalue
of AAT. This is then the norm of A.

(iii) Is the matrix A normal? Find the rank of A and AAT.

Problem 120. Find all 2 x 2 invertible matrices S over R with det(S) =1
such that

0 1\ [0 1 0 1 1 (0 1
s(61)=(0 1)55(0 1)57=(0 1)
Thus we have to solve the three equations

s91 =0, s11+ 812 =522, S11822 = 1.

Problem 121. Consider the standard basis in C®

1 0 0
0 1 0
€y = 0 , €1 = 0 , €5 = 0
0 0 0
0 0 0
0 0 1

Can one find a unitary matrix U such that

17(30:(317 Uelieg, Ue4:e5, Ue5:e0?
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If so find the inverse of U.
Problem 122. (i) Do the three vectors

1 1 1

Vi = -1 9 Vo = ) V3 =

1
\@ 0 \/6 -9 % 1

form an orthonormal basis in R3?
(ii) Is the 3 x 3 matrix

(V1 \P] V3)

an orthonormal matrix?

Problem 123. Let A be an n x n matrix over C and B be an m x m
matrix over C. Show that

A® Bllr = |Allr - [|Bllr
where ||.||r denotes the Frobenius norm.

Problem 124. Let Ej; be the elementary matrices with 1 at position
(entry) (j,k) and 0 otherwise. Let n = 3. Find Ej2E53F3;.

Problem 125. Let A, B 2 X 2 matrices with det(A4) = 1, det(B) = 1.
Let % be the star product. Show that

det(Ax B) =

Problem 126. Let A, B be 2 x 2 hermitian matrices over C. Assume
that

tr(A) = tr(B), tr(A?) = tr(B?).
Are the eigenvalues of A and B are the same?

Problem 127. Let A, B be n X n matrices. Show that

6A+B :/ daleal 5(1 _ al / / daldazealABeazA(S(]. — ] — OZZ)

/ / / e 4 Be2 A Be®A5(1 — ay — ag — a) + -
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Problem 128. Consider a vector a in C* and the corresponding 2 x 2
matrix A via the vec™! operator

a1

ac | 2| = <a1 a3>
as Az G4
aq

and analogously

by

| be by b3

b=1. ] = <b2 by
by

Show that
a*b =tr(A*B).
Problem 129. Find n x n matrices A, B such that
I[A, B] = I|| — min

where ||.|| denotes the norm and [,] denotes the commutator.

Problem 130. Let
D = {(x1,22,23) : ] + a3 +a3 =1, 21> 0,29 > 0,23 > 0}.

Let v be a normalized vector in R® with nonnegative entries and A be a
3 x 3 matrix over R with strictely positive entries. Show that the map
f:D—D

Av
fv) =
[Av]l
has fixed point, i.e. there is a v such that
AVO v
=0 —v,.
[ Avoll

Problem 131. Let A be an n x n matrix over R. The matrix A is called
symmetric if A = AT, Let B be an n x n matrix over R. If B is symmetric
about the northeast-to-southwest diagonal then B is called persymmetric.
Let J be the n x n counter identity matrix. Note that J7 = J and J? = I,,.
Then persymmetric can be written as

JAJ = AT,
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(i) Show that the power A* of a symmetric persymmetric matrix over R is
again symmetric persymmetric.

(ii) Show that the Kronecker product of two symmetric persymmetric ma-
trices X and Y is again symmetric persymmetric.

Problem 132. Find all 2 x 2 matrices A, B that satisfy

ABA=BAB and A®B®A=B®AQB.

Problem 133. Find all 2 x 2 matrices S over R such that SST = I,.

Problem 134. Show that the group S, has five inequivalent irreducible
representations, namely two 1-dimensional representations, one 2-dimensional
representation and two 3-dimensional representations.

Problem 135. Let R;; denote the generators of an SO(n) rotation in the
x; — x; plane of the n-dimensional Euclidean space. Give an n-dimensional
matrix representation of these generators and use it to derive the Lie algebra
so(n) of the compact Lie group SO(n).

Problem 136. Consider the vectors in R? and R3, respectively

Find the conditions such that
u®v=vu.
Find solutions to these conditions.

Problem 137. Consider the 4 x 4 matrices

(0 0 r [0 1
X—<1 0)®Ig . X _(0 0)@[2

(1 0 0 0 r (1 0 0 1
v=(o S)e(0) = =0 5)=( o)
Find the anti-commutators

[X7X]+’ [Y7Y]+’ [XaXT]+v [YvYTL [X>Y]+’ [X’YT]-F'
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Problem 138. Show that the square roots of the 2 x 2 unit matrix I
are given by I, and

1 0 . -1 0\ o1 -1 0 1
s(h 9)sos(G D)s s (3 )

where S is an arbitrary invertible matrix.

Problem 139. Let Sy, S, S3 be the spin—% matrices. Show that
[S1® 82,8, ®S3] =04, [S2®853,55®851) =04, [S3®S1,5 ®S52]=04.

Problem 140. Show that the matrix

1/vV2 0 —1/V2
/v2 0 1/V2
0o -1 0

is unitary.

Problem 141. The Cartan matrix of the Lie algebra Fj is given by

2 -1 0 0
-1 2 -1 0
0o -2 2 -1
0 0o -1 2

C:

Is the matrix normal? Find the eigenvalues and the normalized eigenvec-
tors.

Problem 142. Let p > 0.
(i) Find the eigenvalues and eigenvectors of the matrix

A= (f;’ffﬁ?i) pcs;;lzgo” '

(ii) Find the eigenvalues and eigenvectors of the matrix

po (o) e,

5 sin(a)  cos(a)

Problem 143. Show that the three 4 x 4 matrices

010 0 001 0
{1 00 -1 000 0
Li=ilg g0 o) =791 00 -1
010 0 001 0
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0 0 0 0
o o 1 0
Ls=ily 1 0 0
0 0 0 0

form a basis of a solvable Lie algebra with commutation relations

(L3, L1] = ilLy, [Ls3, L] = —ily, [Li,Lo] = 04.

Problem 144. Let n > 2. Show the matrix (Helmert matriz)

yn  1/yn  1/yn 1m0 1/yn 1/vn
1/V2  —1/V2 0 0 0

1/v6 1/v6  —2/v6 0 0
viz  1/vizo V12 =31z - 0

- O OO

1 1 1 1 o 1 __(n=1)
\/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l)

is orthogonal. For n = 2 one has the Hadamard matrix.

Problem 145. Let A be an 2 x 2 matrix over R with A2 = I, and

r (5 =2
AAT = (_2 E
Find A. Is A normal? Find the eigenvalues of A and A ® A.

Problem 146. Can one find « € [0,27) such that

(s ) (1) (i )
is a diagonal matrix? Discuss.

Problem 147. Let A be an n x n hermtian matrix with n odd. Let
A = D+ N, where D is the (real) diagonal part of A and N is the non-
diagonal part of A. Let J be the nxn (n odd) matrix with 1’s in the counter
diagonal and 0 otherwise. Assume that JDJ = —D and JNJ = N Show
that at least one eigenvalue is equal to 0.

Problem 148. We set s; = sin(«;), ¢; = cos(e;) with o; € R and
j=1,...,6 and 6y € R (k=1,2,3). Are the 4 x 4 matrices

1 0 0 0 1 0 0 0 e st 0 0
01 0 0 0 co —s9 0 —-s1 ¢ 0 0
0 0 ¢4 —s4 )’ 0 sy ¢ o |’ 0 0 €9 0]
0 0 s4 ¢4 0 0 0 ¢ 0 0 o0 1
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1 0 0 O 1 0 0 0 10 0 0
01 0 ©0 0 c3 s3 0 01 0 O
0 0 Ce S6 ’ 0 —S83 C3 0 ’ 0 0 Cs S5
0 0 —s¢ cg 0 0 0 e 0 0 —s5 cs

unitary? These matrices play a role for Majorana neutinos.
Problem 149. Let A, B be positive semidefinite matrices. Show that

tr(A® B) < ~(tr(A) + tr(B))2, tr(A®B)§%tr(A®A+B®B).

e~ =

Problem 150. Let n > 2. Let J be the n x n matrix with all entries
equal to 1 and let IV the counter-diagonal identity matrix, i.e. the entries
on the counter diagonal are equal to 1 and 0 otherwise.
(1) Show that

NJN~' =, [N, J] = 0.

(ii) Find the eigenvalues and normalized eigenvectors of J and N. Note
that N and J have no eigenvalue in common. Study first the case n = 2
and n = 3.

Problem 151. Consider the symmetric 3 X 3 matrices
01 0 1 01
010 1 01
Find the eigenvalues and normalized eigenvectors of A, B and [A, B].

Problem 152. Let A, B be 2 x 2 matrices. Can one find 4 x 4 matrices
P and @ such that
P(A® B)Q=B® A?

(1 0
0'3—0_1.

Find all 4 x 4 matrices R such that R(c3 ® 03) = (03 ® 03)R.

Problem 153. Let

Problem 154. Can one find 2 x 2 matrices Ay, Ay such that
[[A7, Aklx, Ae] = =260 Ay, [[Aj, Ak]+, Ag] = 02

where j,k, ¢ =1,27
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Problem 155. Let F(z) be a 2 x 2 invertible matrix, where fj; : R = R
be smooth functions. Analogously, let G(x) be a 2 x 2 invertible matrix,
where g;i : R — R be smooth functions. Find the conditions on the
functions f;r and g, such that

P _dG

=G det(F(2)) =1, det(G(z)) = 1.

Problem 156. Consider the 2 x 2 unitary matrix

cos(a) e ¥ sin(a)

U, ¢) = (ei¢sin(a) — cos(a) )

with determinant —1. U(q, ¢) is an element of the Lie group U(2), but not
SU(2). The matrix contains the three Pauli spin matrices. With a = 0
we have o3, for a = 7/2, ¢ = 0 we have oy and for o = 7/2, ¢ = 7/2
we have o9. Thus we can form unitary matrices V' in the Hilbert space
C?" with n > 2 by utilizing the Kronecker product V=U QU ® ---® U.
Give a SymbolicC++ implementation. The user provides n. Then V* is
calculated and applied to an appropiate matrix M, i.e. VMV™*.

Problem 157. Let oy, 01, 02, 03 be the Pauli spin matrics. Consider
the Hilbert space M3(C) of 2 x 2 over C with the scalar product (A, B) =
tr(AB*) with A, B € M5(C). The standard basis is

1 0 0 1 0 0 0 0
E11<0 0>, E12<0 0), E21<1 0), E22<0 1>~

A mutually unbiased basis is given by

l\D

1 1 1
() e
_ L

V2

o
[
.
N—
=
w
—_

1
e f RYe ( 0
(i) Express the matrix

H=

with the mutually unbiased basis.
(ii) Express the Bell matrix

—

_ o O

S == O
—

o O
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with the basis given by
/’['j®,uk7 jak:0717273'

(iii) Give a SymbolicC++ implementation.

Problem 158. Let Ejj; be the elementary matrices and j, k = 1,2. Con-
sider the 4 x 4 matrix

R = Z E3®Ekk+qz ®E]J+ q—q1 Z Ejk@)Ekj
J,k=1,j#k 1<k<j<2

with ¢ # 0. Let T' = (¢;x) be a 2 x 2 matrix. Find the conditions on ¢,
such that
RT®L)(2®@R)=(1,®T)(T® L)R.

Problem 159. Consider the spinors
~ (cos(0/2)e"¢/? [ sin(0/2)e/?
V1(97 ¢) - < Sin(9/2)6i¢/2 y V2 (97 ¢) —\ _ 608(9/2)61'43/2 .

They form an orthonormal basis in the Hilbert space C2. Find the spectral
representation
A(0,0) = Miviv] + Aavavy

where A\; = +1 and Ay = —1. Thus the spinors vy, vy are eigenvectors of
A(0, ¢) with the corresponding eigenvalues +1 and —1.

Problem 160. Consider the vectors in R*

1 1 1 1
1 1 1 1] -1 1| -1
1 3 Vo = 5 -1 y V3= 5 1 ) - 2 -1
1 -1 -1 1

1

V1 = <

(i) Are the vectors linearly independent? Prove or disprove.

(ii) Do the vectors form an orthonormal basis in R*. Prove or disprove.
(iil) Which of the four vectors can be written as Kronecker product of two
vectors in R??

(iv) Find viva, vivs, vivy, vivs, vivy, vivy.

(v) Find the eigenvalues of vovi and vavi.

Problem 161. Let z,y,¢ € R. Show that

e ?/? ye~¢/2 . 1 0 e /2 0 1 y
—xe 2 —pye=?/? 92 ) T\ —x 1 0 e?/? 0 1)°
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All the matrices belong to SL(2,R).

Problem 162. Let G be a Lie group and e the identity element. Let

2,y € G. One defines the commutator of x and y as C(z,y) := xyz~ty~ L.

Let s, € R and X,Y € T.G. Show that the commutator of X and Y is
given by
0

[X’Y] = %

0

ot C(exp(sX),exp(tY)).

t=0

Problem 163. Let
X — T11  Ti12
T21  T22
where x11x92 — 12721 = 1 so that X is a general element of the Lie group

SL(2,R). Then X~ !'dX, considered as a matrix of one-forms, takes its
value in the Lie algebra sf(2,R), the Lie algebra of the Lie group SL(2,R).

If
Xldx = (¥ 2
w3z  —wW1
then {w’} are the left-invariant forms of SL(2,R). There is a (local)
SL(2,R)-valued function A on R? such that

1 2

We have dG = GO and that each row (r, s) of the matrix G satisfies
dr = rf, + sbs, ds = rfy — sb.
Note that Maurer-Cartan equations for the forms {6, 03, 03} may be written
d®+O N0 =0.

Show that any element of SL(2,R) can be expressed uniquely as the prod-
uct of an upper triangular matrix and a rotation matrix (the Iwasawa de-
composition). Define an upper-triangular-matrix-valued function T' and a
rotation-matrix-valued function R on R? by A = TR™'. Thus show that

T 4T = R"'dR+ R™'OR.

Problem 164. Consider the Lie group SL(2,R) with the corresponding
Lie algebra
sl(n,R)={X € M,(R) : tr(X)=0}.
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Let n = 2. Then the nonnormal matrix
-1 1
=% )

is an element of the Lie group SL(2,R). Show that ¥ cannot be written as
Y = exp(y), where y € s£(2,R).

Problem 165. Let A, B be two 2 X 2 hermitian matrices and
v e'1 cos()
“\ e?2sin(f) )

|AB — A(v*Bv)|.

Minimize
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