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Exam: November 2011 Solution

1. We have

ρ(0) =
1

2

(
1 1
1 1

)
and

ρ(t) = e−iĤt/~ρ(0)eiĤt/~.

Since −iĤt/~ = −iωtσy we find

(−iĤt/~)j =

{
(−iωt)jσy if j is odd, i.e. j = 2k + 1
(−iωt)jI2 if j is even, i.e. j = 2k

where k ∈ N0. It follows that

e−iĤt/~ =
∞∑
k=0

(−iωt)2k+1

(2k + 1)!
σy +

∞∑
k=0

(−iωt)2k

(2k)!
I2

= −i
∞∑
k=0

(−1)k(ωt)2k+1

(2k + 1)!
σy +

∞∑
k=0

(−1)k(ωt)2k

(2k)!
I2

= −i sinωt σy + cosωt I2 =

(
cosωt − sinωt
sinωt cosωt

)
.

It follows that

eiĤt/~ =
(
e−iĤt/~

)∗
=

(
cosωt sinωt
− sinωt cosωt

)
.

Finally

ρ(t) =
1

2

(
cosωt − sinωt
sinωt cosωt

)(
1 1
1 1

)(
cosωt sinωt
− sinωt cosωt

)
=

1

2

(
cosωt− sinωt cosωt− sinωt
cosωt+ sinωt cosωt+ sinωt

)(
cosωt sinωt
− sinωt cosωt

)
=

1

2

(
1− sin 2ωt cos 2ωt

cos 2ωt 1 + sin 2ωt

)
.

2. We begin with the state

|ψ〉 :=
1

2
(|0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉+ |0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉 − |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉 − |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉).

Expanding the second and third qubits in the Bell basis yields

|ψ〉 =
1

2
√

2
|0〉 ⊗ 1√

2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉)⊗ |0〉 − 1

2
√

2
|0〉 ⊗ 1√

2
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)⊗ |0〉

+
1

2
√

2
|0〉 ⊗ 1√

2
(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)⊗ |1〉 − 1

2
√

2
|0〉 ⊗ 1√

2
(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉)⊗ |1〉

− 1

2
√

2
|1〉 ⊗ 1√

2
(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)⊗ |0〉 − 1

2
√

2
|1〉 ⊗ 1√

2
(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉)⊗ |0〉

− 1

2
√

2
|1〉 ⊗ 1√

2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉)⊗ |1〉 − 1

2
√

2
|1〉 ⊗ 1√

2
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)⊗ |1〉.



Now

(I2 ⊗ UH ⊗ I2 ⊗ I2)(I2 ⊗ UCNOT ⊗ I2)|ψ〉 =
1

2
√

2
|0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 − 1

2
√

2
|0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉

+
1

2
√

2
|0〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 − 1

2
√

2
|0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉

− 1

2
√

2
|1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉 − 1

2
√

2
|1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉

− 1

2
√

2
|1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉 − 1

2
√

2
|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉.

Performing a measurement on the second and third qubit which can distinguish between |0〉 and |1〉| (for example
a measurement described by the observable |0〉〈0|) yields the states

State determined by measurement Resulting state
|0〉 ⊗ |0〉 1√

2
(|0〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 − |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉)

|0〉 ⊗ |1〉 1√
2
(|0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 − |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |1〉)

|1〉 ⊗ |0〉 − 1√
2
(|0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉|1〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉)

|1〉 ⊗ |1〉 − 1√
2
(|0〉 ⊗ |1〉 ⊗ |1〉 ⊗ |0〉|1〉 ⊗ |1〉 ⊗ |1〉 ⊗ |1〉)

It is convenent to omit the second and third qubits at this stage:

State determined by measurement of second and third qubit Resulting state of first and fourth qubit
|0〉 ⊗ |0〉 1√

2
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)

|0〉 ⊗ |1〉 1√
2
(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉) I2 ⊗ σx

|1〉 ⊗ |0〉 1√
2
(−|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉) I2 ⊗ σz

|1〉 ⊗ |1〉 1√
2
(−|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉) I2 ⊗ (σzσx)

The correction listed on the right hand side yields the original state

1√
2

(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)

which is still entangled.

3. For
1

2
(|0〉 ⊗ |0〉+ |0〉 ⊗ |1〉+ |1〉 ⊗ |0〉 − |1〉 ⊗ |1〉)

we have the coefficient matrix

S =
1

2

(
1 1
1 −1

)
=

1√
2

(
1 1
1 −1

)
︸ ︷︷ ︸

U

(
1√
2

0

0 1√
2

)
︸ ︷︷ ︸

Σ

(
1 0
0 1

)∗
︸ ︷︷ ︸

V ∗

.

We have two non-zero singular values, thus the state is entangled. Each term is obtained from the singular
value and corresponding columns of U and V :

1

2
(|0〉+ |1〉)⊗ |0〉+

1

2
(|0〉 − |1〉)⊗ |1〉.

4. We have

(UQFT,4 ⊗ I4)|ψ1〉 =
1

2
((UQFT,4|0〉)⊗ |0〉+ (UQFT,4|1〉)⊗ |1〉+ (UQFT,4|2〉)⊗ |0〉+ (UQFT,4|3〉)⊗ |1〉)

=
1

4

 3∑
j=0

3∑
k=0

e−i2πjk/4|j〉〈k|0〉

⊗ |0〉 +

 3∑
j=0

3∑
k=0

e−i2πjk/4|j〉〈k|1〉

⊗ |1〉
+

 3∑
j=0

3∑
k=0

e−i2πjk/4|j〉〈k|2〉

⊗ |0〉+

 3∑
j=0

3∑
k=0

e−i2πjk/4|j〉〈k|3〉

⊗ |1〉




=
1

4

 3∑
j=0

|j〉

⊗ |0〉+

 3∑
j=0

e−i2πj/4|j〉

⊗ |1〉
+

 3∑
j=0

e−i4πj/4|j〉

⊗ |0〉+

 3∑
j=0

e−i6πj/4|j〉

⊗ |1〉


=
1

4

 3∑
j=0

(
1 + e−i4πj/4

)
|j〉

⊗ |0〉+

 3∑
j=0

(
e−i2πj/4 + e−i6πj/4

)
|j〉

⊗ |1〉


=
1

4

 3∑
j=0

|j〉 ⊗
(
|0〉+ e−i4πj/4|0〉+ e−i2πj/4|1〉+ e−i6πj/4|1〉

)
=

1√
2

(
|0〉 ⊗ 1√

2
(|0〉+ |1〉) + |2〉 ⊗ 1√

2
(|0〉 − |1〉)

)
.

Thus the periodicity is deduced from 4
0 →

4
4 = 1 (we know this is not the case, but it results from truncation of

the sequence and because the sequence is not composed of appropriate exponentials), and 4
2 = 2 which appears

to be the correct underlying periodicity.


