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(@) xe b=,
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(c) x®x =(0>®(1 O)z(o O) and xx :<O>(1 O):<O O)

d) x*®x=(1 om(é):(é 8) and x*x = (1 0)<(1)>=1

2. We find
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01 0 0\~ 01 00
1 0 0 O 1 0 0 0
0 0 01 1o 0 0 1
0 010 00 10
Thus I ® o, describes an observable. The characteristic equation is
10 0 O 01 00 A =1 0 0
01 00 1 0 0 O -1 0 0
et 1Mo 01 0] (oo 01 = det] A -1
0 0 0 1 0 0 10
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A 0 -1 0 0
= MXdet| 0 —1 | +det| O A =1
0o -1 X 0o -1 X

= AN =N+ (=A+1)
NN -1 -N-1)=XN-12=0.

The measurement outcomes are 1 (twice) and -1 (twice). The eigenstates corresponding to the eigenvalue 1 are

given by
1 01 00 1 T2
T2 o 1 0 0 O i) . I
(Booa) | =10 00 1] |a] ™ |2
T4 0 0 10 Ty r3
i.e. 1 = x9 and x3 = x4:
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Choosing z1 = 1 and x5 = 0 (respectively 1 = 0 and x5 = 1) and normalizing yields the orthonormal basis

1 0
1 1 1 0
V2io)] yall
0 1
Other choices are also possible. The projection operator onto this eigenspace is given by
1 1\~ 0 0\ ~ 1 1 0 0
o () (o) o) _ifr1oo
Tvalo)valo Vit 2(o00 11
0 0 1 1 00 1 1
Try this with a different choice of orthonormal basis.
The eigenstates corresponding to the eigenvalue -1 are given by
1 01 00O T T2
To o 1 0 0 0 To _ T
(o) | =10 00 1] o] = | o
Tq 0 010 Ty T3
i.e. x1 = —x9 and x3 = —x4:
€
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Choosing z1 = 1 and x5 = 0 (respectively 1 = 0 and x5 = 1) and normalizing yields the orthonormal basis

1 0
1 -1 1 0

vzl o)t ve il
0 -1

Other choices are also possible.
The projection operator onto this eigenspace is given by

1 1 0 0 1 -1 0 0
o Lt ) o fo] 2Lt o0 0
Tl o val oo Vvltrt)]wvltr] 20 o 1 -1
0 0 -1 -1 0 0 -1 1

Try this with a different choice of orthonormal basis.
Can these results be expressed in terms of the eigenvalues and eigenvectors of 0,7

The probability that measurement of a system described by the state (1,0,0,0)7 yields the outcome 1 is given

*

1 1
0 0
0 0
0 0

tr Hl

N

The probability that measurement of a system described by the state (1,0,0,0)7 yields the outcome -1 is given
1 1\~
0 0
tr H_1 0 0 9 .
0 0

The probability that measurement of a system described by the state (1,0,0,1)7/v/2 yields the outcome 1 is
given
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1 1
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tr | II; — —
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The probability that measurement of a system described by the state (1,0,0,1)7 /v/2 yields the outcome -1 is
given

1
V2

1

tr Hfl
V2

_ 0 O =
DN | =

1
0 j—
0
1

3. Note that since {|0), |1)} is an orthonormal basis on C? we have Iy = [0)(0] + |[1){1] (see assignment 3 nr. 5
2011). Suppose A is unitary then

aa = (alb)(al + Bld)(cl) (ala) bl + Bl

[l b){ala) (b] + @BIb) (ale) (d] + aﬁld>< [a) (bl + 8I21d) cle) (d] = I
(ala) (] + Ble)al ) (@b} al + Bla (el

= [al|a) (b|e)al + aBla)(bld) (c] + TBle) (dlb) (ol + B2|edld) ] = Iy

AA”

From (0]0) = (1]1) = 1 we find (ala) = (b|b) = {(c|c) = (d|d) = 1.

ara = (alal + Bldy(el) (ala) (el + Ble) ()
= [al[B)el + @ale)B)[b)(d] + (aBlcla))|d) (b] + |B2Id) d]

= [0)(0] + 1)1
aat = (ala)®l+ Ble) () (alb)al + Bld)cl
— lala)(al + (aB(bld))|a) (c] + @B(dIB))Ie)(al + 1B le)(c]
|0){0] + [1)(1]

Consider the first equation, if b = d then we find
A"A = (|a” +alale) + aBcla) + |B7)|d)(d] # 0)(0] + [1)(1|

since we either have |0)(0| in the expression or |1)(1] in the expression, but not both. Thus b # d. From
(0]1) = (1|0) = 0 we deduce (b|d) = (d|b) = 0. Similarly from AA* = Iy we find a # c and (a|c) = (c|la) = 0.
The two equations become

A*A = |a?b)(b] + |BI?|d)(d
AA* = |al?|a)(a] + |B]%|c)(c

| = 10){0] + [1)(1,
| = 10){0] + [1)(1].
Since b # d and a # ¢ we only require that |o|? = |38]|?> = 1. Thus we find the solution (¢ =0, b =0, c = 1 and
d=1)
A=al0)(0[ +p1)(1],  laf=[8=1

and the solution (¢ =0,b=1,c=1 and d = 0)
A= a|0) (1] + B1)0],  fol =[5 =1

The solution a =1, b =1, ¢ =0 and d = 0 is already provided by a =0, b=0, c =1 and d = 1 and switching
«a and 8. The solution a =1, b=0, c=0 and d = 1 is already provided by a =0, b=1,c=1 and d = 0 and
switching o and f.

In general we need 4 terms:
U = a|0){0] + Bl0) (L] 4 ~[1){0] + u[0)(1].

Note that because we restrict ourselves to |0) and |1) 4 terms are required, otherwise (from the spectral repre-
sentation) only 2 terms would be required.

a:= <a1>7 b
as

4. Let
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We have

ab biay 0 0
. o a1b2 . b1a2 o albg — CLle o det (a b)
a®b b®a_ G,le b2a1 - —(albg —(Lzbl) o —det(a b)
a2b2 b2a2 0 0

Settinga®@b —b®a =0yieldsdet(a b)=0,i.e. aand b are linearly dependent. Consequently a = cb for
some ¢ € C and b € C?.




