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Semester Test #1 Solution
1. The solution is given by
0 0 0 O
. 0 0 0O
P(t) = exp |iwt (O 00 1 (0).
0 010
Let
0 0 00
. 0 0 00
A =dwt (O 00 1
0 0 1 0
We have
A _ R
=34
3=0
where
0 0 0O 0 0 0O
0o - > .. 2[00 00 s .. .sl0 000
A° =1y, A=A, A = (iwt) o0 1 0l A® = (iwt) 00 0 1
0 0 0 1 0 010
Suppose
0 0 0O
ok ox [0 0 0 0
A= = (iwt) 00 1 0
0 0 0 1
(which is clearly true for k = 1). It follows that
0 0 0O 0 0 0O 0 0 00
2k+1) _ g2k+2 _ g2k 42 _ ;o260 0 0 0 o0 0 0 0} _ . om0 0 0 0
A A AT A = (iwt) 00 1 0 (iwt) 00 1 0 (iwt) 00 1 0
0 0 01 0 0 01 00 0 1
Thus
0 0 0O
ok on [0 0 00
A=D1 01 0
0 0 01
for k =1,2,... by induction. Also
0 0 0 O 0 0 0 O 0 0 0 O
. 0 0 0O . 0 0 0O . 0 0 0O
2+1 _ g 42k _ 2k _ 2k+1
AT = AAT =t | g g [ @D g g g ] T D) 000 1
00 10 0 0 01 0 0 10
for k = 1,.... The last expression obviously also holds for £ = 0. It follows that (splitting the sum over even
and odd powers)
1 0 0 O
A [0 10 0], o AF oA
A = _— =
=2 5=lo o1 o) TX@mt X @D
Jj=0 00 0 1 k=1 k=0



1 0 0 O 0 0 0 O 0 0 0 O
20100+§:(iwt)2’“0000+i(iwt)% 00 0 0
0010 Z@Rr ) loo 1o —2k+ 1) [0 0 01
0 0 0 1 B 0 0 0 1 N 0 0 1 0
1 0 0 O 0 0 0 O 00 0 O
01 0 O . 0 0 0 O . . 00 0 O
= 00 1 0 + (cosh(iwt) — 1) (0 01 0 + sinh(iwt) 00 0 1
0 0 0 1 0 0 0 1 0 0 1 0
1 0 0 O 0 0 0 O 0 0 0 O
01 0 0 0 0 0 O . 0 0 0 O
= 00 1 0 + (cos(wt) — 1) 00 1 0)—|—Zbln(wt) 00 0 1
0 0 0 1 0 0 0 1 0 0 1 0
1 0 0 0
(o1 o 0
B 0 0 cos(wt) isin(wt)
0 0 dsin(wt) cos(wt)
Consequently
1 0 0 0
0 1 0 0
v(t) = 0 0 cos(wt) isin(wt) $(0)-
0 0 dsin(wt) cos(wt)
Thus
1 0 0 O
s 01 0 0
d)(tiQw)i 0 0 0 1 $(0).
0 0 2 O
For
1
1 1 0
wi=0=(p)e(o)=0
0
we find
1
T 0
v(t=o)=|,|=v0
0
For
0
0 0 0
wi=o=(7)e ()= 0
1
we find

<
—~
~
I
&2
~—
Il
O = OO
I
~.
7N
— o
N~
&
7N
O =
~_

2. The measurement outcomes are 2 and 1. A set of orthonormal eigenvectors corresponding to these eigenvalues

() ()

Consider the first density operator
[ cos?6 0
pL= 0 sin?6 )"

The probability that measurement yields the measurement outcome 2 is

t BRI A! : —t cos?f 0 1711 —lt cos?f cos?0) _ 1
BGVACVANAY - 0 sin?0)2\1 1)) 72" \sin?0 sin?0) " 2



The probability that measurement yields the measurement outcome 1 is

tr 1 /1 11N —tr cos?0 0 171 -1 —ltr cos’0  —cos?f) _ 1
P a\-1) ]z -1 - 0 sin?29)2\ -1 1)) 727 —sin?0 sin?0 ) 2

The expectation value is

b 173 1 ~ i cos?0 0 173 1 —ltr 3cos?f  cos? ) _ 3
Pig\1 3))~ 0 sin?20)2\1 3)) 72"\ sin20 3sin?0) " 2

Now consider the second density operator

( cos? 6 cos fsin 6 )
p2 = .

cos @sinf sin? 6
The probability that measurement yields the measurement outcome 2 is
. 1IN 1 1\] ; cos’0  cosfsinf\ 1 (1 1
BGEVACTANAN "\\cosfsing  sin?0 )21 1
1 cos? f 4+ cosfsinf cos? @ + cosfsin O
cosfsinf +sin?@  cosfsin 6 + sin’ 0

r
2
1 . 1 .
= 3 +cosfsinfh = 5(1 + sin 26).
The probability that measurement yields the measurement outcome 1 is
(o0 L (1 1Ny o cos’0  cosfsinf\ 1/ 1 —1
Pra\-1) |2\ -1 - cosOsing  sin?0 )2\ -1 1

1 cos?f — cosfsinf —cos?f + cosfsind

cosfsinf —sin?@  — cosfsinf + sin® §

T
2
1 1
= 3~ cosfsinf = 5(1 — sin 26).
The expectation value is
tr 173 1 i cos?0  cosfsinf\ 1 (3 1
P25 \1 3 o cosfsinf  sin®@ 2\1 3

ltr 3cos?0 + cosfsinf cos? 6 + 3cosfsinb
9 sin® 6 + 3cosfsin®  3sin® @ + cos b sin b

3 1 .
= §+551n20.

3. First notice that
UHO'ZUH = UH‘0><O|UH—UH|1><1|UH
1 1
= 5(0) + 1) Ol + (1)) = 5(10) = [1))({O] = (1)
1
= 5 ([0){0[ +[0) (1] + [1){O] + [1){1] = [0){O] + [0) (1] + [1){O] — [1)(1])
= 0.
Thus for the right hand size we find
(Un ® Iz)(fz ®|0)(0[ + 0. ® |1><1|)(UH ®l) = (Unl2Un) ® (12[0)(0|12) + (Uro:Un) ® (I2]1)(1]12)
I, @10){0 + 0, @ [1)(1]
where we used that UgUgy = I5. For the left hand side we find

U @ L) (1000l L+ 1)1 20.) Uy ©5) = Ualo)0lUn) @ (1) + Ual)(1lUn) @ (ho.1.)
= 200) + )01+ (1) & T + 510) ~ [10)({0] ~ (1) @ 0

= SO0+ A (2 +02) + 510011+ (0 © (1~ o)
= L@ |0){0] + 0, ®|1)(1].



Thus the equality
(Un @ L)(10)(0] @ L2 + 1)1 @ 0. ) (U @ o) = (12 @ Un) (10)(0] @ I + [1){1] @ 0. ) (I © Uny)

holds.




