
Applied Mathematics 3B

Semester Test #1 Solution

1. The solution is given by

ψ(t) = exp

iωt


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0


ψ(0).

Let

A := iωt


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 .

We have

eA =
∞∑

j=0

Aj

j!

where

A0 = I4, A1 = A, A2 = (iωt)2


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 , A3 = (iωt)3


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 .

Suppose

A2k = (iωt)2k


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


(which is clearly true for k = 1). It follows that

A2(k+1) = A2k+2 = A2kA2 = (iωt)2k


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 (iωt)2


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 = (iωt)2(k+1)


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 .

Thus

A2k = (iωt)2k


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


for k = 1, 2, . . . by induction. Also

A2k+1 = AA2k = iωt


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 (iωt)2k


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 = (iωt)2k+1


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 .

for k = 1, . . .. The last expression obviously also holds for k = 0. It follows that (splitting the sum over even
and odd powers)

eA =
∞∑

j=0

Aj

j!
=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
∞∑

k=1

A2k

(2k)!
+

∞∑
k=0

A2k+1

(2k + 1)!



=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+

( ∞∑
k=1

(iωt)2k

(2k)!

)
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+

( ∞∑
k=0

(iωt)2k

(2k + 1)!

)
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0



=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+ (cosh(iωt)− 1)


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+ sinh(iωt)


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0



=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+ (cos(ωt)− 1)


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+ i sin(ωt)


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0



=


1 0 0 0
0 1 0 0
0 0 cos(ωt) i sin(ωt)
0 0 i sin(ωt) cos(ωt)

 .

Consequently

ψ(t) =


1 0 0 0
0 1 0 0
0 0 cos(ωt) i sin(ωt)
0 0 i sin(ωt) cos(ωt)

ψ(0).

Thus

ψ
(
t =

π

2ω

)
=


1 0 0 0
0 1 0 0
0 0 0 i
0 0 i 0

ψ(0).

For

ψ(t = 0) =
(

1
0

)
⊗
(

1
0

)
=


1
0
0
0


we find

ψ
(
t =

π

2ω

)
=


1
0
0
0

 = ψ(0).

For

ψ(t = 0) =
(

0
1

)
⊗
(

0
1

)
=


0
0
0
1


we find

ψ
(
t =

π

2ω

)
=


0
0
i
0

 = i

(
0
1

)
⊗
(

1
0

)
.

2. The measurement outcomes are 2 and 1. A set of orthonormal eigenvectors corresponding to these eigenvalues
are

1 :
1√
2

(
1
1

)
, −1 :

1√
2

(
1
−1

)
.

Consider the first density operator

ρ1 =
(

cos2 θ 0
0 sin2 θ

)
.

The probability that measurement yields the measurement outcome 2 is

tr
(

ρ1
1√
2

(
1
1

)[
1√
2

(
1
1

)]∗)
= tr

((
cos2 θ 0

0 sin2 θ

)
1
2

(
1 1
1 1

))
=

1
2
tr
(

cos2 θ cos2 θ
sin2 θ sin2 θ

)
=

1
2
.



The probability that measurement yields the measurement outcome 1 is

tr
(

ρ1
1√
2

(
1
−1

)[
1√
2

(
1
−1

)]∗)
= tr

((
cos2 θ 0

0 sin2 θ

)
1
2

(
1 −1
−1 1

))
=

1
2
tr
(

cos2 θ − cos2 θ
− sin2 θ sin2 θ

)
=

1
2
.

The expectation value is

tr
(

ρ1
1
2

(
3 1
1 3

))
= tr

((
cos2 θ 0

0 sin2 θ

)
1
2

(
3 1
1 3

))
=

1
2
tr
(

3 cos2 θ cos2 θ
sin2 θ 3 sin2 θ

)
=

3
2
.

Now consider the second density operator

ρ2 =
(

cos2 θ cos θ sin θ
cos θ sin θ sin2 θ

)
.

The probability that measurement yields the measurement outcome 2 is

tr
(

ρ2
1√
2

(
1
1

)[
1√
2

(
1
1

)]∗)
= tr

((
cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

)
1
2

(
1 1
1 1

))
=

1
2
tr
(

cos2 θ + cos θ sin θ cos2 θ + cos θ sin θ
cos θ sin θ + sin2 θ cos θ sin θ + sin2 θ

)
=

1
2

+ cos θ sin θ =
1
2
(1 + sin 2θ).

The probability that measurement yields the measurement outcome 1 is

tr
(

ρ2
1√
2

(
1
−1

)[
1√
2

(
1
−1

)]∗)
= tr

((
cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

)
1
2

(
1 −1
−1 1

))
=

1
2
tr
(

cos2 θ − cos θ sin θ − cos2 θ + cos θ sin θ
cos θ sin θ − sin2 θ − cos θ sin θ + sin2 θ

)
=

1
2
− cos θ sin θ =

1
2
(1− sin 2θ).

The expectation value is

tr
(

ρ2
1
2

(
3 1
1 3

))
= tr

((
cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

)
1
2

(
3 1
1 3

))
=

1
2
tr
(

3 cos2 θ + cos θ sin θ cos2 θ + 3 cos θ sin θ
sin2 θ + 3 cos θ sin θ 3 sin2 θ + cos θ sin θ

)
=

3
2

+
1
2

sin 2θ.

3. First notice that

UHσzUH = UH |0〉〈0|UH − UH |1〉〈1|UH

=
1
2
(|0〉+ |1〉)(〈0|+ 〈1|)− 1

2
(|0〉 − |1〉)(〈0| − 〈1|)

=
1
2
(|0〉〈0|+ |0〉〈1|+ |1〉〈0|+ |1〉〈1| − |0〉〈0|+ |0〉〈1|+ |1〉〈0| − |1〉〈1|)

= σx.

Thus for the right hand size we find

(UH ⊗ I2)
(
I2 ⊗ |0〉〈0|+ σz ⊗ |1〉〈1|

)
(UH ⊗ I2) = (UHI2UH)⊗ (I2|0〉〈0|I2) + (UHσzUH)⊗ (I2|1〉〈1|I2)

= I2 ⊗ |0〉〈0|+ σx ⊗ |1〉〈1|

where we used that UHUH = I2. For the left hand side we find

(UH ⊗ I2)
(
|0〉〈0| ⊗ I2 + |1〉〈1| ⊗ σz

)
(UH ⊗ I2) = (UH |0〉〈0|UH)⊗ (I3

2 ) + (UH |1〉〈1|UH)⊗ (I2σzI2)

=
1
2
(|0〉+ |1〉)(〈0|+ 〈1|)⊗ I2 +

1
2
(|0〉 − |1〉)(〈0| − 〈1|)⊗ σz

=
1
2
(|0〉〈0|+ |1〉〈1|)⊗ (I2 + σz) +

1
2
(|0〉〈1|+ |1〉〈0|)⊗ (I2 − σz)

= I2 ⊗ |0〉〈0|+ σx ⊗ |1〉〈1|.



Thus the equality

(UH ⊗ I2)
(
|0〉〈0| ⊗ I2 + |1〉〈1| ⊗ σz

)
(UH ⊗ I2) = (I2 ⊗ UH)

(
|0〉〈0| ⊗ I2 + |1〉〈1| ⊗ σz

)
(I2 ⊗ UH)

holds.


