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1. σ2
x = I.

e−iσxt/h̄ = cosh(−it/h̄)I + sinh(−it/h̄)σx

σxψ(0) = ψ(0)
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2. We use the fact that (expansion in the Bell basis)
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|01〉 =
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=
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+
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(|01〉 + |10〉) ⊗ (a|1〉 − b|0〉)

− 1

2
√

2
(|01〉 − |10〉) ⊗ (a|1〉 + b|0〉)

Thus we measure the first two qubits in the Bell basis and apply the
following transforms to the last qubit

Measure Transform
1√
2
(|00〉 + |11〉) |0〉〈0| − |1〉〈1|

1√
2
(|00〉 − |11〉) I

1√
2
(|01〉 + |10〉) |1〉〈0| − |0〉〈1|

1√
2
(|01〉 − |10〉) −UNOT

3. We note that we work in a two dimensional Hilbert space and |{|0H〉, |1H〉}| =
2. Also

a|0〉 + b|1〉 =
1√
2
(a + b)|0H〉 +

1√
2
(a− b)|1H〉
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a|0H〉 + b|1H〉 =
1√
2
(a + b)|0〉 +

1√
2
(a− b)|1〉.

Thus for a|0H〉 + b|1H〉 = 0, a = b = 0. We find

〈0H|0H〉 =
1

2
(〈0|0〉 + 〈0|1〉 + 〈1|0〉 + 〈1|1〉) = 1

〈1H|1H〉 =
1

2
(〈0|0〉 − 〈0|1〉 − 〈1|0〉 + 〈1|1〉) = 1

〈0H|1H〉 =
1

2
(〈0|0〉 − 〈0|1〉 + 〈1|0〉 − 〈1|1〉) = 0

a) |〈0|0h〉|2 = 1
2
|(〈0|0〉+ 〈0|1〉|2 = 1

2

b) |〈0|1h〉|2 = 1
2
|(〈0|0〉 − 〈0|1〉|2 = 1

2

Thus measurement projects the state |0〉 onto |0H〉 and |1H〉 with equal
probability. Starting with |0〉, we can obtain |0H〉 and |1H〉 by mea-
surement and applying UPS as follows

Desired state Measure Transform
|0H〉 |0H〉 I
|0H〉 |1H〉 UPS

|1H〉 |0H〉 UPS

|1H〉 |1H〉 I

c)

|0H〉 ⊗ |0H〉 =
1

2
(|00〉 + |01〉 + |10〉 + |11〉)

Uf |0H〉 ⊗ |0H〉 =
1

2
(|0f(0)〉+ |0f(0)〉 + |1f(1)〉 + |1f(1)〉)

=
1

2
((1 − f(0))|00〉+ f(0)|01〉 + f(0)|00〉+ (1 − f(0))|01〉

+(1 − f(1))|10〉 + f(1)|11〉+ f(1)|10〉 + (1 − f(1))|11〉)
= |0H〉 ⊗ |0H〉

d)

|0H〉 ⊗ |1H〉 =
1

2
(|00〉 − |01〉 + |10〉 − |11〉)

Uf |0H〉 ⊗ |1H〉 =
1

2
(|0f(0)〉 − |0f(0)〉 + |1f(1)〉 − |1f(1)〉)
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=
1

2
((1 − f(0))|00〉+ f(0)|01〉 − f(0)|00〉 − (1 − f(0))|01〉

+ (1 − f(1))|10〉 + f(1)|11〉 − f(1)|10〉 − (1 − f(1))|11〉)

=
1

2
((1 − 2f(0))|00〉 − (1 − 2f(0))|01〉

+ (1 − 2f(1))|10〉 − (1 − 2f(1))|11〉)

=
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(

(−1)f(0)|00〉 − (−1)f(0)|01〉 − (−1)f(1)|10〉 − (−1)f(1)|11〉
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=
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(

(−1)f(0)|0〉 ⊗ (|0〉 − |1〉) + (−1)f(1)|1〉(|0〉 − |1〉)
)

=
1√
2
(−1)f(0)

(

(|0〉 − (−1)f(0)+f(1)|1〉) ⊗ |1H〉
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=
1√
2
(−1)f(0)

(

(|0〉 − (−1)f(0)⊕f(1)|1〉) ⊗ |1H〉
)

= (−1)f(0)|f(0) ⊕ f(1)〉 ⊗ |1H〉
Note that f(0)⊕f(1) is 0 when f is constant, and 1 when f is balanced.
Thus we have solved Deutsch’s problem.

4. a)

sin θ cos θ = sin φ cosφ

sin 2θ = sin 2φ

θ = φ+ kπ or θ =
π

2
− φ+ kπ, k ∈ Z

b)

cos θ = sin θ → θ =
π

4
+ kπ, k ∈ Z
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⊗
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=
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(1, 0, 0, 1)T

which is an entangled state (1 6= 0).
d)
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2
UCNOT (1, 0, 0, 1)T =
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⊗
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which is not entangled.
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